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The dynamics of warped/flux compactifications is studied, including warping effects, 

providing a firmer footing for investigation of the "landscape." We present a general 
Q-i! 

^ . formula for the four-dimensional potential of warped compactifications in terms of ten- 
^ ■ 

dimensional quantities. This allows a systematic investigation of moduli-fixing effects and 
^ . potentials for mobile branes. We provide a necessary criterion, "slope-dominance," for 
d ■ evading "no-go" results for de Sitter vacua. We outline the ten-dimensional derivation of 
the non-perturbative effects that should accomplish this in KKLT examples, and outline 
a systematic discussion of their corrections. We show that potentials for mobile branes 
receive generic contributions inhibiting slow-roll infiation. We give a linearized analysis 
of general scalar perturbations of warped IIB compactifications, revealing new features 
for both time independent and dependent moduli, and new aspects of the kinetic part 
of the four- dimensional effective action. The universal Kahler modulus is found not to 
be a simple scaling of the internal metric, and a prescription is given for defining holo- 
morphic Kahler moduli, including warping effects. In the presence of mobile branes, this 
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prescription elucidates couplings between bulk and brane fields. Our results are thus rel- 
evant to investigations of the existence of de Sitter vacua in string theory, and of their 
phenomenology, cosmology, and statistics. 



1. Introduction 

Compactifications of string tiieory in the presence of fluxes have provided us with phe- 
nomenologically attractive vacua of string theory and at the same time have significantly 
advanced our thinking about the space of string theoretic vacua. In the string revolution of 
1984, many phenomenologically important features were found to emerge from compactifi- 
cation on a Calabi-Yau manifold - low energy supersymmetry, generations, mechanisms for 
GUT breaking, etc. However, one of the thorny problems remaining was that of the moduli 
of these compactifications, giving phenomenologically unacceptable light scalar fields. 

Recent developments in warped fiux compactifications have shown how these moduli 
can be fixed [|],||], have indicated the possibility of finding vacua with positive cosmological 
constant 0, and have pointed towards a new view of the space of string vacua in which it 
may be that the only way to determine details of much of low energy physics is through 
the principle of environmental selection [P,^. Moreover, these compactifications have sug- 
gested new possible mechanisms for infiation0, and have suggested that the fundamental 
scale of physics could be unexpectedly low (for general discussion of scales in these com- 
pactifications, see P), raising the possibility that superstrings could be detected as cosmic 
strings 0, or black holes and strings could even be studied at acceleratorsfH,^]. 

Given the possibly profound implications arising from the study of fiux vacua 
and warped compactifications (a partial list references includes [1T0| - |T5[] ; useful reviews 
include it is particularly important to understand the space of such compactifica- 
tions and their dynamics. While there have been many advances, the inherently greater 
complexity of these compactifications has left the subject in a significantly more primitive 
state than that of the traditional Kaluza-Klein compactifications of string/M theory. 

Many questions have received at best partial answers in the literature. A proper 
description of space-time dependent warped compactifications has not been given, and 
indeed puzzles have remained regarding even the moduli of static solutions. One would 
expect dynamic solutions to be governed by a four-dimensional effective action, but there 
are various subtleties in deriving such an action from a more fundamental ten-dimensional 
formulation. Moreover, in order to verify the existence of the de Sitter vacua proposed 
in 0, one needs to carefully understand the sources and impact of possible corrections to 
these solutions in a systematic analysis. The possibility of achieving slow-roll infiation has 
been raised, but found difficult to achieve^]; a more systematic understanding would be 
desireable. And treatment of environmental selection has indicated the need to understand 
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the systematics of such vacua, but again a careful understanding of their construction 
is needed first. In short, many aspects of both cosmology and phenomenology require 
dynamical knowledge of the four-dimensional physics of these compactifications, and only 
pieces of this are known so far. 

This paper will take steps towards providing some of these missing pieces. One of the 
results of this paper is a systematic linearized treatment of dynamic perturbations of the 
moduli in such warped compactifications. This treatment, which is needed for a proper 
understanding of the reduction from the ten-dimensional theory to a four- dimensional 
effective theory, reveals some features that some may consider unexpected both in the 
description of the moduli and in the form of the corresponding time-dependent solutions of 
the ten-dimensional equations of motion. These include proper treatment of the universal 
Kahler deformation - which is not a simple scaling of the internal metric - and extra 
"compensator" deformations needed to obtain a consistent ten-dimensional solution. While 
this work is a prelude to a systematic derivation of a four-dimensional effective action in 
the presence of warping, and provides some important clues as to its structure, we are not 
yet able to give such a derivation, primarily due to issues with kinetic terms. 

However, we are able to give a very general formula for the four-dimensional potential 
in a general warped compactification. This formula, which provides the potential in terms 
of ten-dimensional quantities, and explicitly includes warping effects, arises from investi- 
gation of the ten-dimensional equations of motion and provides a link between ten- and 
four- dimensional analysis. One can check that it yields the familiar results for fiux and 
brane generated potentials on a compact space, together with corrections due to warping. 
It also gives a systematic rederivation of the potential for complex structure perturbations 
given in [^^. Moreover, this formula allows a systematic derivation of the potential once 
other effects, such as anti branes or non-perturbative effects are included, as in recent work 
on constructing de Sitter vacua[|2|. It also extends to treat the case of mobile branes, and 
thus provides a controlled derivation of interbrane potentials relevant for investigating the 
possibility of infiation in these and other models. 

We are also able to improve understanding of several issues in warped compactifi- 
cation dynamics. Our discussion clarifies the origin of "no-go" theorems for de Sitter 
compact ificat ions [ffRM, and formulates a necessary condition, which we refer to as "slope 



dominance," for their evasion such as in 0]. In the process, we also explain the relative role 
of other competing formulas for the potential with less acceptable features; for example. 



pod showed that a naive derivation gives a negative definite potential. We outhne a ten- 
dimensional description of the origin of the non-perturbative effects (euclidean D3 branes, 
gaugino condensation on D7 branes) that should give the necessary "slope dominance" in 
KKLT models, and we outline a systematic discussion of the corrections to the potential 
for these models which is relevant to checking their validity. Moreover, our discussion of 
potentials for mobile branes elaborates the origin of troubling terms - noticed in - that 
generically spoil slow-roll infiation. Our treatment of non-perturbative effects combined 
with our earlier discussion of proper treatment of moduli of solutions also suggests a useful 
definition of the holomorphic Kahler moduli with mobile branes present, that yields a clear 
and general resolution to puzzles over couplings between these fields and gauge fields on 
D7 branes (the "rho problem" |21|,|2|,|T5| ) . 

In outline, the next section reviews the IIB warped solutions of [jT| . Section three then 
describes the origin of the light spectrum from the underlying Calabi-Yau, and describes 
the form of static deformations of the GKP solutions both before and after three-fiux has 
lifted complex structure moduli. A particular focus is the parametrization of the universal 
Kahler modulus, which is not a simple rescaling of the compact geometry. Section four gives 
an overview of dynamic moduli perturbations, and in particular the role of "compensator" 
fields in lifting to ten-dimensional solutions. It also describes some of the progress and 
issues with deriving the full four-dimensional effective action, and outlines the basics of 
the Kaluza-Klein expansion. 

Section five derives a general formula for the four-dimensional potential of a general 
warped compactification, with full account of warping contributions: the central formula 
is (5.8). Simple examples of potentials due to branes and fiuxes are given, along with a 
discussion of radial dilaton dynamics that elucidates the relative role of other expressions 
for the potential. This formula is also applied to the GKP solutions [|l|, with generaliza- 
tion to more generic sources such as anti-D3 branes. Finally, de Sitter "no-go" results 
are investigated, and our necessary condition for their violation, "slope dominance," is 
formulated. 

Section six describes potential terms used to lift Kahler moduli directions - both non- 
perturbative potentials and their ten-dimensional origin, and those due to anti D3 branes. 
Section seven then provides a general discussion of the systematics of moduli-lifting effects, 
such as in 0, and the various sources of corrections and their importance. The interplay 
with the slope dominance condition yields the fine tuning conditions on the superpotential 
and the redshifted tension of the anti D3 branes. We also discuss effects of warping, which 
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could modify vacuum statistics results or even the presence of a controlled approximation 
in which to derive de Sitter vacua. 

Section eight treats dynamics of mobile D3 branes, using the general potential formula. 
Potentials for such motion are derived in terms of geometrical quantities, and the origin 
of a generic problem for slow-roll in models with fixed moduli is described. This section 
also clarifies the definition of holomorphic Kahler moduli when mobile branes are present, 
thus giving a general resolution to the rho problem. 

Appendix A gives a ten-dimensional treatment of linearized perturbations of warped 
compactifications, with particular emphasis on those of |1|] . We provide expressions for the 
perturbed metric and curvatures for a general warped compactification, and for perturbed 
stresses, and outline the solution of the equations of motion with both zero and non-zero 
three-form flux. This clarifies the role of "compensators" - extra field components in 
time dependent situations - and the need for Kaluza-Klein excitations, and provides some 
discussion of the problem of deriving the four-dimensional effective action. Appendix A also 
presents an argument that the remaining fiat directions after fiuxes are turned on are indeed 
purely Kahler, with no admixture of complex structure/axidilaton deformations, resolving 
questions raised previously [^. Appendix B closes with brief comments on relations to 
other work on dynamical warped compactifications. 

We end this introduction with a few comments on use of the effective action, which 
has been in particular criticized in Use of the effective action, and the resulting 

equations of motion, is central to the approach of the present work. We do not presently 
know the fundamental formulation of string/M theory. Since actions are a particularly 
economical way of summarizing quantum dynamics, we might expect that string/M theory 
could be described by functional integrals of the form 



where M represents a dynamical M-theory configuration, although certainly some more 
fundamental formulation of quantum dynamics may be discovered. In certain limits, the 
configurations M can be well approximated by familiar objects - supergravity fields, 
strings, D-branes, etc., although ultimately we anticipate that the description of these 
configurations respects a reduction of the number of degrees of freedom arising from holo- 
graphic or related considerations. However, we believe it is sensible to use the effective 
action in regions where the dynamics is well approximated by these familiar configurations. 
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as long as we don't follow it into a region where it predicts its own demise, for example 
through evolution to black holes or other strong gravity/string effects.0 It is in this spirit 
that we use the effective action, and take it seriously as long as it stays out of trouble, 
although it is not inconceivable that its use is vitiated by some more subtle fundamental 
flaw. 



2. Review 

We begin by reviewing the construction of the warped IIB string compactifications of 
Ij^. These are solutions to leading order in a', which are thus found as solutions to the 
type IIB supergravity action, supplemented with local terms that summarize the effects of 
branes and orientifolds. 

The supergravity action (in Einstein frame) for the type IIB string theory is 



'IIB 
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(2.1) 
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where G(3) = F(3) — rif(3) is the combined three-form flux, with G(3) = (iC(2), -ff(3) = dB(^2) 

r = C(o)+ze-'^ , (2.2) 

and 

^(5) = i^(5) - lCi2) A if(3) + ^S(2) A F(3) , (2.3) 

with F(-5) = (iC(4) . In addition to the equations of motion obtained from the above action, 
the condition 

^(5) = *^(5) (2.4) 

must be imposed by hand. 

Ref. focuses on solutions with maximal symmetry in four dimensions, 

dsio = e^^^y'^g^Mdx'^dx" + e-^^^y^ ~gmn{y)dy"'dy'' (2.5) 



^ For many purposes there appears to even be an effective field-theory description of black 
holes; the effects of holography are only believed to be revealed when computing particular classes 
of observables. 
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which are the general solutions to these equations with D3- and D7-brane as well as 03 
plane sources. These obey a BPS-like condition, 

l(yrn_ypyoc>y^^loc (2.6) 

where p^^^ is the D3 charge density of the localized sources. The most general fluxes 
consistent with maximal 4d symmetry are three-form flux ^(3) with all components in the 
compact directions, a dilaton/axion that varies over the compact manifold r = T{y), and 
flve form flux of the form 

F(5) = (1 + *)[da{y) A dx^ A dx'^ A dx'^ A dx^] (2.7) 

Under these conditions, one can flnd the general solution at leading order in a' . It is 
specifled by the following data: 

a) The underlying geometry is given by an orientifold of a Calabi-Yau manifold, or more 
generally by an F-theory compactification. In the flrst case, the data is the Calabi-Yau 
metric, 

Qmn = fi'mn (2-8) 

together with the orientifold projection. This in general will have /i^'^ complex moduli 
z"^ and h^'^ Kahler moduli p*. In the more general case, the underlying geometry 
given by the F-theory solution X, which projects to the six-dimensional data of a 
(non Calabi-Yau) metric gmn, the positions/charges of the resulting D7 branes, and 
a varying axidilaton, r(y). 

b) Closed three-form fluxes -F(3), -^^(3), satisfying the usual quantization conditions (to 
be described explictly in the next section). 

c) The six-dimensional positions of a collection of space-fllling D3 branes. 

This data must satisfy the Gauss-law constraint that the total D3 charge in the com- 
pact space vanishes, 

^-hr [ i?(3) A F(3) + Q'r = , (2.9) 

where Qa"^ summarizes the D3 charge of the D3 branes and either 03 planes, or that 
induced on the D7 branes as discussed in [|l|. In the latter case, one flnds a contribution 



For such a choice of data, [jT| argues a supergravity solution can be found with van- 
ishing four-dimensional curvature. (Many of the following formulas will be literally true 
only for the orientifold case, but have more-or-less obvious generalizations to the F-theory 
case.) The Bianchi identity 

(iF(5) = if(3) A F(3) + 2/^?oT3 *6 Ps"" (2.11) 

(where *6 denotes the dual with respect to the metric qq) takes the form 

^2^ ^ ■^2A ^mnp[*6^ J ^ 2e-^'' d,r.ad^ e""^ + 2^? e2Ay^^loc ^ (2.12) 

12/mr 

where tildes are used throughout the paper to denote covariant quantities constructed with 
the metric Qmn- Combining this with the trace of Einstein's equations gives 
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V^(e*--a) = zG(3)-*6G(3) +e-6^|a(e^^-a)p+2^?oe'^ ^ 

(2.13) 

The left hand side of (|2.13[ ) vanishes when integrated over the manifold, and positive 
definiteness therefore requires vanishing of the individual terms on the right. This implies 

a = e^^ (2.14) 

and that the flux G(3) is imaginary self-dual (ISD): 

*6G'(3) = ^^(3) . (2.15) 

Note that on a Calabi-Yau manifold, the flux is automatically primitive, 

JAG'(3)=0. (2.16) 

For a primitive flux the condition ( |2.15| ) has a solution for each choice of Kahler moduli. 
However, this condition then fixes the complex structure moduli and the dilation r, 
or, in the F-theory context, the complex structure moduli of X, which include the D7- 
brane positions. Vanishing of the last term in ( |2.13| ) implies saturation of the pseudo-BPS 
condition ( p.6| ) for the sources. Finally, given this data, the five-form and warp factor are 
determined by solving the equation 

-V^e-^^) = + 24oTs~Pr ; (2.17) 
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on the background geometry. For a collection of D3 charges of strength A^^ at point yi, the 
soiirce becomes 



(where the context here and elsewhere should make it clear that g = qq); notice that 03 



We close this review with a word about approximations. The equations we write 
are valid only to leading order in a' and beyond this receive corrections. At the same 
time, we include sources (fluxes, branes) whose contributions to the geometry are strictly 
speaking suppressed by a power of a' relative to the leading geometry. We wish to do 
this as some of the physically interesting effects - such as warping of the metric - only 
contribute at this order in a' . The justiflcation is that fluxes and brane charges may be 
large (though apparently not parametrically) in the compactifications of . Thus there is 
good motivation for keeping such effects that are only suppressed by a power of Ka' , for 
a typical large flux quantum K, while ignoring effects of order a' . 

3. Perturbations of flux compactifications — kinematics 

To begin an analysis of dynamics of flux compactifications, we begin by discussing 
massless or light perturbations of these configurations. The analogous discussion for tra- 
ditional Calabi-Yau compactifications is a straightforward exercise in cohomology and di- 
mensional reduction. 

While analysis of perturbations of a general warped compactification has additional 
complications due to the warping, the study of the perturbations of the solutions of 
is significantly simplified by the relation to the underlying Calabi-Yau manifold. In this 
section we examine these perturbations more carefully. We begin by discussing the light 
perturbations present in these solutions; in addition to four-dimensional gravity, one finds 
a rich spectrum of scalars and vectors. Given the particular importance of stabilizing 
the moduli, and their possible role in cosmology, we will particularly focus on the scalar 
spectrum, and investigate that first for static perturbations in the case of vanishing three- 
form fiux then in the presence of three-form fiux. 




(2.18) 



planes give the negative contribution necessary for ( |2.17| ) to be consistent. 
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3.1. The light spectrum 

The light fluctuation spectrum of the IIB compactifications of []I|] is largely inherited 
from the light fluctuation spectrum of the underlying Calabi-Yau orientifold, or F theory 
compactification. Therefore we begin with a discussion of that spectrum. We will focus 
on the orientifold case; the F-theory case is largely a straightforward generalization. 
Covering space 

First recall that the Calabi-Yau manifold is in general endowed with a holomorphic 

(3.0) form O. The other non-trivial cohomology is represented by /i^'^ forms Xa of type 

(2. 1) , and h^'^ forms uji of type (1, 1), together with their duals. All of these forms may 
be taken to be harmonic. The resulting four-dimensional supersymmetry multiplets are as 
follows. 

The RR axion C(o)(x) and the ten-dimensional dilaton ^(x) give the complex field 
r(x), as in (^T^). Likewise, B^2){^) ci-nd C(-2)(x) dualize into two pseudoscalar axions that 
can be thought of as components of a single = 1 superfield. These axions and r together 
give the bosonic components of an = 2 multiplet that may be thought of either as a 
hypermultiplet or as a double-tensor multiplet [p6| - p8| . 

Deformations of the complex structure give rise to scalar fields ^"(x), also in A^ = 1 
chiral multiplets. At the N = 2 level, these combine with vectors V^{x) from perturbations 

C(4) = V"(x) Axo (3.1) 

(self-duality halves the number of components) of the four-form potential to give bosonic 
components of /i^'^ N = 2 vector multiplets. 

Deformations of the Kahler structure give rise to scalar fields r*(x). These combine 
with scalars a*(x) arising from perturbations 

C(4) = a'{x) *6 + ^(2) (x) A (3-2) 

of the four-form potential to give bosonic components of A^ = 1 scalar superfields, which 
we denote by complex fields p\ (Self duality fixes the D^2) terms of the a\) Likewise, 
deformations of the two-form potentials of the form 

S(2) = b'{x)u, , C(2) = c\x)u, (3.3) 

give the components (6*, c*) of A^ = 1 scalar superfields. These combine with the to give 
the bosonic components of h^'^ N = 2 hypermultiplets. 
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Next, there is a deformation 

C(4) = VAn (3.4) 

of the four- form potential that corresponds to a vector this combines with g^v{x) 

to give the N = 2 gravity multiplet. 
Orientifold-pro.iected spectrum 

As described in the orientifold projection breaks the N = 2 supersymmetry to 
= 1 and ehminates some of the N = 2 states. The cohomology breaks into eigenspaces 
under the holomorphic involution a (which here we consider to be of the type that induces 
03 and 07 planes), 

with corresponding dimensions h^'^ . The remaining N = 1 supermultiplets are the gravi- 
tational multiplet, /i^'^ vector multiplets, and /i^'^ -|- /i^^ + hh^ + 1 chiral multiplets with 
bosonic fields 2", p*, (6\c*), and r, respectively.! Finally, the positions of mobile space- 
filling D3 branes (or D7 branes in the F-theory case) correspond to massless moduli, and 
are described by A = 1 chiral multiplets. 

A critical aspect of the warped IIB compactifications of [|T| is the presence of three-form 
flux, that is expectation values for Fmnpiv) and Hmnpiv)- The resulting four-dimensional 
action for the perturbations with such flux backgrounds has recently been systematically 
studied, to leading order in the large- volume expansion, in ||29|| . Working at this order 
amounts to neglecting the effects of the warping induced by the presence of D3 branes and 
fluxes, as we will explain in more detail. Since the effects of the warping are important for 
various phenomena (in particular lowering mass scales) , part of the goal of this paper is to 
begin to go beyond the no-warping approximation. 



3.2. Moduli space: G3 = 

We next turn to a description of moduli in the warped case but with G3 = 0. With 
three-form flux turned off, the moduli of the underlying Calabi-Yau orientifold compact- 
ification and the value of the axidilaton r, together with the brane positions (or more 
generally moduli of the F-theory compactification X) determine the moduli of the GKP 



solutions, which in this case reduce to the solutions of Chan, Paul, and Verlinde ||3T|,p2 



Note that the mode corresponding to the Goldstone boson of [pCl|| is projected out. 
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This follows directly from the construction: once one specifies r, a given point in Calabi- 
Yau moduli space and the brane configurations, a corresponding warped compactification 
follows automatically by solving the equations of the previous section. 
Specifically, consider a perturbation of the underlying Calabi Yau 

+ Sgmn ■ (3.6) 

As discussed above, the general Sg-mn corresponds to an element of H^^'^^ or iJ^^'^^ of the 
Calabi Yau, the Kahler and complex structure deformations, respectively. All of these 
perturbations except for the universal Kahler modulus can be made traceless by an ap- 
propriate choice of basis. We describe the traceless perturbations in a single framework, 
and shall treat the universal Kahler modulus separately. For vanishing three-form flux, 
fluctuations of r decouple. 
Traceless metric deformations; brane locations 

For a traceless deformation of the Calabi Yau metric in the absence of three-form flux, 
the equation determining the warp factor ( |2.17| ) also implies a change in the warp factor 
5e~'^^, given by solving 

(5e-4^) = -V^ (Sr^'dne-^^) (3.7) 

which can be done explicitly in terms of the scalar Green function. As a result, the 
corresponding small variation in the solution takes the form 

dsj^ = (e^^ + 5e^'')dxl + (e'^^ + 5e-^^)i~gmn + 5~g^^)dy^dy^ (3.8) 
Fmnopq = -(e-^^ + 5e-''^)y^6mnopqr{r + S^dsie^^ + 5e4^) (3.10) 



where all variations of A are determined from the solution to (|3.7| ). 

Likewise, a variation in the positions of the branes also leads to a variation in the 
warp factor. 



V^[5e-4^] = -2^tfoT35pr (3-11) 

and corresponding variation in the ten-dimensional metric and five-form flux. 
Universal Kahler deformation 
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The universal Kahler modulus, which in a non-warped compactification corresponds 
to an overall scaling of the compact metric, gives rise to an additional subtlety. Note that 
the conditions a)-c) of section 2 are invariant under 



9mn ^ ^9mn ■ (3-12) 

Under such a scaling (|2.17| ) requires that 

^ Ae^^ (3.13) 

Thus the solution transforms to 

dslo = Xe'^^^y^^^dx^dx" + e-^^^y^g^ndy'^dy'^ (3.14) 

Frnfiw pa ^/ii^pa (3.15) 

Fmnopq ^ '\/~g^mnopqrd~ (3.16) 



The scaling of the underlying CY is precisely canceled by that of the warp factor and the 
internal manifold remains unchanged. The scaling instead changes the volume of the four 
large dimensions. This could be compensated by an overall Weyl rescaling, but we find it 
expedient to identify the Kahler modulus via a different (but related) procedure. 
Note also that a simple scaling of the internal metric {gmn = ^~'^^gmn) 

Xgmn (3-17) 

is not a zero-mode. Such a scaling can be thought of as a scaling of the underlying CY 
without any change in the warp factor, and this violates ( |2.17| ). The situation here is 
analogous to IIB string theory on AdSr, x 5*5; the radius of the five sphere and AdS are 
not moduli of the solution. Their scale is set by the D3 brane charge. 

To isolate the mode corresponding to the universal Kahler modulus, note that the 
equation determining the warp factor, ( |2.17|) , only determines e~'^^ up to a constant shift. 
This means we have a one parameter family of solutions given by 

dslo = [e-4^"(^^ + c]-^/^r]f,,dx^dx'' + [g-^^o^^^) + c]+^/^g^^dy'^dy'' (3.18) 

F =8 \e~'^^"^y^ -\- r\~^S ('3 191 

Fmnopq — [c ~l~ c] 's/^Smnopqrd ' [g -(- c] (3.20) 
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where we have chosen a fiducial metric oE,^ which we can take to have unit volume, and 

I lilt ' 

g-4Ao(y) jg ^ particular solution to (|2.17|) which we assume asymptotes to OiV) in regions 



away from sources of D3 charge. Near singular sources, e diverges. For example, in the 
vicinity of a point xq where D3 branes are located, the warp factor in ( p.l8|) behaves as 



(3.21) 

\x — Xo 



in the local flat coordinates x. 

Changing c changes the volume of the internal manifold, so it naturally plays the role 
of the universal Kahler modulus. Note that the c dependence of the solution is known 
exactly. For locations far away from the sources, e~^"^ approaches a constant and the 
perturbation behaves like an overall scaling of the manifold. In particular, if one excises 
neighborhoods of such points and finds a large remaining volume over which the variation 
is small, 

^ « 1 (3.22) 

c 

then we can cleanly identify this region as the "bulk," distinct from the AdS throats in 
the vicinity of the removed points. For points close to the sources, e^^ is small and the 
dependence on c is suppressed, in keeping with the fact that the size of these regions is 
totally determined by the local D3 charge. 

The large volume limit is obtained by c oo. In this limit, the volume of the compact 
space behaves as 

V ~ c2/2]/° (3.23) 

in terms of the fiducial volume ^ from which we see that, for large c, this parameter is 
related to the radius of the space by 

c^R^ . (3.24) 

As we have already noted, a 4d Minkowski solution exists for each value of the complex, 
Kahler, and D3 position moduli. This means that the four dimensional effective potential 
vanishes for these modes. We will see this directly in sec. 5. 
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3.3. Frames 

While the parameterization ( |3.18| )-( p.20|) transparently reveals the origin of the uni- 
versal Kahler modulus, we often work in other frames differing by a rescaling ( p.l2|) , ( |3.13|) . 
Note that the metric Qmn ^ and hence the volume of the compact space - are frame inde- 
pendent. 

Ten-dimensional Einstein and string frames 

The action ( |2.1| ) is given in ten-dimensional Einstein frame. However, note that the 
four-dimensional part of the metric ( |3.18| ) does not asymptote to the usual flat metric as 
c — s> oo. We can normalize it so that it does by taking rescaling parameter 

Xe = \^ (3.25) 

so that 

p-4Ao 

e-'^^ =l + - ,~9^r. = c'/Vmn ■ (3-26) 

c 

Also, recall that the relation to ten-dimensional string frame is given by 

9mn - e-'^/'gi^ . (3.27) 

Four-dimensional Einstein frame 

The four-dimensional Einstein frame, which is defined to be the frame in which the 
four-dimensional Planck mass is constant, is most appropriate for four-dimensional analysis 
and its treatment via a four-dimensional superspace formalism. The conversion factor 
between the four- and ten-dimensional Planck masses is given by the warped volume 

Vw = j d^yy^e-^^ . (3.28) 

Notice that the warped volume transforms under (|3.12|) , (|3.13| ) as 



Vw XVw ■ (3.29) 

Einstein frame is thus defined so that the warped volume is a modulus-independent con- 
stant, which we might for example set to 

V' = I <fyV¥ . (3.30) 
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Then Einstein frame is reached from (|3.18| ) through a scahng ( |3.12| ), ( |3.13|) with 

Xe = V^/ (^cy° + j rf^y v^e-4^°^ . (3.31) 

3.4. Moduli space: G3 ^ 

We now consider the moduh of solutions with three- form flux turned on. Let Aq,, 5°, 
a = 1, . . . , /i^'^ be a symplectic basis of three cycles,! with intersection numbers 

n S"' = 62 , n Ac,> = n S"' = . (3.32) 

We allow general three-form fluxes, satisfying the quantization conditions 

/ F(3) = (27r) VM- , / F(3) = -(27r) VM„ 



'■ma 



J A„ J B" 



(3.33) 



with integer "electric" and "magnetic" fluxes M^.Mma, K^.Kma- 

Before turning on the flux, the solutions of the preceding subsection have moduli 
corresponding to the Kahler and complex structure moduli for the underlying Calabi-Yau 
metric gmm the string dilaton, the positions of the D3 branes, and the positions of the D7 
branes. Turning on the flux then flxes many of these: in the Calabi-Yau orientifold case 
the h'^'^ + 1 complex structure and axidilaton moduli are flxed, leaving as free parameters 
the Kahler moduli and the D3 positions. In the more general F-theory case, D7 brane 
positions are also in general fixed. 

The conditions fixing the moduli can be thought of as follows. Choose a general point 
in the Kahler and complex structure moduli spaces. Given the cohomology classes of the 
fluxes, ( |3.33| ), we may choose unique harmonic representatives of these classes. Note that 
the harmonicity condition in general depends on both the choice of complex structure and 
Kahler class, so the vacuum value of the three-form fleld G3 varies with both. Moduli are 



fixed by the ISD condition (|2.15|) , which implies 

^(1,2) = ^(3,0) = . (3.34) 



^ In the orientifold case, note that in accord with the discussion of section 3.1 we restrict 
attention to cycles with odd intrinsic parity on the covering Calabi-Yau. 
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Since the Hodge dual on three forms varies with the non-universal Kahler moduli, one 
might be concerned that the ISD condition or equivalently ( |3.34| ) also varies, requiring the 
fixed values of the complex structure moduli and axidilaton to vary with Kahler structure. 
However, one can show (see appendix A) that while the vacuum value of G3 varies with 
Kahler structure, its type remains (1, 2) + (3, 0) so it remains ISD under variations of the 
Kahler moduli. Thus the remaining flat directions correspond to Kahler deformations. 

Static perturbations are given by the formulas of the preceding section, together with 
the corresponding variations in G3. For given Kahler and complex moduli, the latter are 
of course uniquely given by specifying their cohomology classes as in ( pi.33| ) , together with 
the harmonicity condition. 

In section 5 we will discuss derivation of the potential for these moduli. For the 
moment, we recall that for flux satisfying the ISD condition, this potential vanishes, as 
described in Thus a vacuum moduli space parametrized by the Kahler moduli and 

D3 positions remains. As discussed in [^^, this potential should arise from a Gukov-Vafa- 



Witten superpotential[ll,12,13 



W = J QAG . (3.35) 
Note that since the superpotential is indepent of change of cohomology representative, 

G^G + dA, (3.36) 

the superpotential only depends on the complex structure moduli. 

As a function of the universal Kahler parameter c, the metric is given by ( |3.18| ). 



In the case where there are no explicit D3 branes, the infrared end(s) of this geometry 
is a smooth geometry approximately given by [^, and in particular e"^"^ is no longer 



singular. This generates a flnite hierarchy between the UV and IR ends of the compact 
space, parametrized by 

[c + e-4^o(y)^^]i/2 ^^-^^^ 

For values of c of the order of e~'^"^°*^^'*jij the hierarchy generated by fluxes is lost. The 
solutions of GKP with warped throats are expected to be dual to the N=l nonconformal 
dual gauge theory of Klebanov and Strassler coupled to massless bulk flelds of the com- 
pactification. From the perspective of the gauge theory, the IR scale has the interpretation 
of being the scale of confinement. 
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4. Perturbations of flux compact ificat ions — dynamics 

One important goal is to better understand the relation between four-dimensional 
perturbations and ten-dimensional solutions of the equations of motion, and consequently 
between the ten-dimensional action and the four-dimensional action. An analysis of pertur- 
bative solutions of the ten-dimensional equations of motion is presented in appendix A. In 
this section we give a summary of the rather lengthy analysis and some of its consequences. 

4-1. Spacetime dependent fluctuations 

We find that there are new subtleties in promoting the constant perturbations de- 
scribed in the preceding section to spacetime dependent perturbations. 

Part of the subtlety is already illustrated at the level of a conventional Kaluza-Klein 
compactification. For example, consider compactification on a Calabi-Yau manifold with 
ten-dimensional metric 

dslo = i^^^dx^'dx" + gcYmndy'^dy'' . (4.1) 

At zero momentum, the volume-changing perturbation can be parameterized in terms of 
a small constant u: 

dsjo = r^^udx^dx"" -|- (1 + u)gcYmndy'^dy'' . (4.2) 

To give spacetime dependence one would like to promote 

u u{x) (4.3) 

with d^d^u{x) = 0. The perturbed ten-dimensional metric should solve the equations of 
motion at the linearized level. The perturbation which achieves this is a combination of 
( [1.2|) together with a spacetime-dependent rescaling of the four-dimensional metric, 

dsl^ = [1 - ?,u{x)]r]^^dx^'dx'' + [1 + u{x)]gcYmndy"'dy'' (4.4) 

The extra term is necessary to solve the (/uz^) Einstein's equation; in the limit of constant 
u it reduces to the perturbation ( |4.2| ) combined with a rescaling of the four-dimensional 
metric bringing the metric to Einstein frame. 
Compensators and variations 
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The presence of extra terms in the spacetime-dependent perturbations extends beyond 
that noted above, and in general means that there can be metric and field perturbations 
proportional to derivatives of u{x). These vanish for a static perturbation, but must be 
present in order for a general perturbation to satisfy the full ten-dimensional equations. 
Terms of this form have occurred previously in studies of dimensional reduction and were 
called compensators in 

In the case of perturbations of the GKP solutions, the static perturbations are given 
by (|3.8|) -( |37T0| ) for traceless perturbations or brane motion, or by the infinitesimal version 
of ( |3.18| )-( ^.20|) for the universal Kahler perturbation. The general form of the dynamic 
perturbations we must consider is given in eqns. (A. 3), (A. 4). For the metric, in addi- 
tion to making the constant perturbation in (|3.8|) time dependent, we must also include 
compensator terms of the form 

6cds'^ = 2d^d^u\x)e^^Ki{y)dx^dx'' + 2e^^Bim{y)d^u\x)dx^'dy'^ . (4.5) 

While the compensators Bi and Ki can in principle be gauged away, in general this imposes 
on a non-trivial gauge, distinct from an a priori choice such as 

V'^S-gmn = . (4.6) 

Likewise, compensator terms for the three- and five-form field potentials must be included; 
these take the form 

SJC2-TB2) = du^ ATi 

(4 7) 

5cC4 = du^ A Sf^ + *^du^ ASi + u\x)wf ^ + L>f2) /\ ' 

(3) 

where the the compensators T/, Sj, Sj are forms on the internal manifold, and we have 

(2) 

also included the perturbations necessary to describe axions, with internal forms Wj and 
Wj^^ and four-dimensional form -0^2)- 

The compensators are determined by the equations of motion, but finding explicit 
solutions for them is in general a non-trivial challenge. Ab initio one expects these to 
be needed in order to deduce the form of the four-dimensional effective action from the 
higher-dimensional action. 

First example: spacetime dependent universal Kahler deformation 
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The subtleties of compensators appear even at the level of the universal Kahler de- 
formation, or "volume modulus." This is worked out in appendix A, with the result that 
a perturbation of the form 

Sgmn = -U{x)gmn (4.8) 



produces a variation 

Jd^yVg 



6e-^^ = 2ti(x)e-4^ + u{x)^^^^^^^^ (4.9) 



and non-trivial compensator K solving 

V^K = e-^ - . (4.10) 

Second example - traceless deformations, = 

The traceless deformations correspond to complex structure or non-universal Kahler 
variations of the underlying Calabi-Yau manifold. In the case of vanishing three-form flux, 
these are massless perturbations. The ten-dimensional form of these perturbations are 
also studied in appendix A. If we begin with the gauge ( [4.6| ), we find that there must in 
general be nonvanishing compensators Kj, Bj, and 5"/. The equations determining these 
are discussed in appendix A. 

As we've discussed, non-vanishing three-form flux lifts the complex structure defor- 
mations. The corresponding ten-dimensional perturbations have both compensators, and 
as shown in the appendix, non-zero excitation of Kaluza-Klein modes. The Kahler de- 
formations remain massless (see appendix section A. 7) and also have corresponding ten- 
dimensional solutions with non-zero compensators. 

4-2. Effective actions - perturbative level 

One important goal is to derive the four-dimensional effective action for perturbations 
of warped compactifications. In the case of the IIB compactifications of [Q, the light 
spectrum was discussed in the preceding section. The general action for the light spectrum 
is expected to be rather complicated, with various subtleties arising from the warping; a 
version of it for IIB orientifolds, valid to leading order in the large- volume approximation. 



and thus neglecting effects of warping, was given by Grimm and Louis in . In the present 



paper, we are primarily interested in the action for scalar modes, and their coupling to 
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gravity, but now including effects of warping. In this section we discuss terms arising from 
the classical action (p?T|); we save discussion of non-perturbative effects and brane motion 
for later sections. 

As we've discussed, in the scalar sector the light modes consist of the dilaton field, 
r(x), the Kahler deformations the complex deformations and the D3 brane 

positions (p"'{x). Before introducing three- form flux, all of these are massless. 

We flrst clarify the regime of validity of such a four-dimensional effective action. This 
requires understanding the systematics of the Kaluza-Klein expansion. While details of 
this for general moduli perturbations are given in appendix A, essential features can be 
inferred from dynamics of a massless scalar in ten-dimensions, 

□io<^ = 0. (4.11) 

In the metric ( |3.18| ), this equation takes the form 

e-2^n4(/> = -e^^V^(P . (4.12) 

Thus for a Kaluza-Klein mode concentrated in a region with a given warp factor, the mass 
squared is of order 

mWo ~ e-^^ (4.13) 



in the frame of (|3.18|) , and 



4A 



in four-dimensional Einstein frame. At large c, this gives Einstein-frame mass 

TTT'KK ~ Z/c (4.15) 

where Z is the redshift factor 

(4.16) 



1 + ^ 



whose relevance was emphasized in 0. For a KK mode concentrated in the bulk, Z ~ 1, 
but a KK mode supported in a strongly warped region can experience a significant lowering 
of its mass. Thus the four-dimensional effective theory is strictly valid only in the range 

E < ^ (4.17) 

c 
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determined by the most-redshifted Kaluza-Klein mode. Beyond this energy, one needs to 
account for Kaluza-Klein dynamics. In Einstein frame, the mass given to the complex 
structure moduli by three-form flux is of order 

c 



\x ~ ^ (4.18) 



(see appendix A) where is a measure of the total three-brane charge. Thus, for large 
enough c we see that there is an energy regime in which moduli are fixed and Kaluza-Klein 
modes are not relevant. 

It is clearly important to understand the four-dimensional effective action at scales 
below ( [4.171) ; this action, and its extension by non-perturbative and other effects, governs 
the shape and dynamics of the low-energy foothills of the landscape. 

The analysis of dynamic perturbations of the fields in principle provides information 
about this action. In particular, one would expect the four-dimensional effective action 
to arise from the IIB action evaluated on a ten-dimensional perturbation. Unfortunately, 
there is a subtlety arising from the ambiguities in prescribing an off-shell action for the 
five form F5. In addition, at this point our analysis has been explicitly carried out only up 
to terms of order 0{N/c) due to the unknown form of the compensators and Kaluza-Klein 
excitations. So far, all that we are able to explicitly compute in this approach is the mass 
matrix for perturbations up to corrections of this size. 

Ref. performed checks indicating that warping does not modify the Gukov-Vafa- 
Witten superpotential ( |3.35D , but does modify the Kahler potential and metric. It was 
suggested that the kinetic action for metric deformations takes the form 

Sk^n = A / d^xy^J-3p^^ - -Ld^T'd^T' [ d'y,/fee-^^6ig^JjrA 

^f^i J { \p - pr Vw J J 

(4.19) 

where p is the universal Kahler modulus, denote the fields corresponding to the complex 
structure and non-universal Kahler moduli, and Sjcimn are the corresponding normalized 
metric variations. In principle, analysis of the perturbative dynamics should provide a 
direct check of these statements and in particular give us the Kahler potential, but in 
practice we are unable to perform this at present. (The authors hope to return via an 
alternate approach in subsequent work.) The direct perturbative analysis of the appendix 
only provides a check on these formulas to order N/ c and thus does not check the form of 
the warping contribution in ( |4.19| ). Nonetheless, it is important to note both that there 
can in general be corrections of this size to the Kahler potential and thus the potential for 
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moduli, and that the presence of these corrections isn't necessarily inconsistent with the 
expression (|4.19|) . 

Despite the present limitations on determining the kinetic part of the four- dimensional 
effective action, a related approach, to which we now turn, allows us to gain substantial 
useful information about the potential, and via the discussion of 0, also lends credence 
to warping corrections of the form ( 4.19| ). 



5. Potentials on the Landscape 

5.1. Potentials in warped compactifications 

Determining the potential on the landscape of string vacua is clearly a crucial enter- 
prise as it bears on the possibility of finding a phenomenologically realistic vacuum and 
the question of how our region of the Universe evolves into this vacuum. As discussed 
above, computing the full four-dimensional effective action in the case where warping is 
relevant can be non-trivial. Nonetheless, we here outline a prescription to determine a 
useful formula for the potential for a general warped compactification. 

Moreover, prior to discovery of non-trivial warped compactifications such as those of 
0, and the subsequent arguments for the existence of the metastable de Sitter vacua of 
0, general no-go theorems were proven [^B|,|T^ (with extensions in [^) for both of these 



possibilities. In seeking a more complete understanding of the landscape, it is worthwhile to 
understand better how such no-go theorems are evaded, which may give guidance towards 
other solutions. 

Suppose that we are seeking the potential due to some spacefilling branes, fluxes, and 
other effects that don't explicitly break the (local) four-dimensional Poincare symmetries; 
these could include such effects as the non-perturbative effects of [|2[, or a' corrections. 
In general there will be cosmological solutions to Einstein's equations corresponding to 
moduli rolling in this potential, and these solutions will be spatially homogeneous in three 
dimensions. The general ten-dimensional solution of this kind can be put in the form 

ds^ = e2^(^'*) [-dt^ + a^{t)dsl] + 2e2^(^'*)/3^^(y, t)dy^dx^ + e-^^^y''^~gmn{y, t)dy^dy^ , 

(5.1) 

where (3 has only a t component. 



/3m^ = (/3mt(2/,t), 0,0,0) 
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(5.2) 



Note that a(t) could also be eliminated through redefinition of the time coordinate, but 
we keep this light mode manifest for contact with usual cosmology. For these solutions, 
the ten-dimensional stress tensor has a special form: if we neglect velocity terms {i.e. 
derivatives with respect to the non-compact coordinates), we find 



-5i^U^o{y.t) , T;r=T;r{y,t). 



(5.3) 



The form of the Einstein equation for (|5.1|) can be inferred from eqn. (A. 14) of the 
appendix, with result 



-2V2A + 4(VA)' - 



+ e-2^G(; 



^2A 



-4, A 



(5.4) 

where v denotes a general velocity. Here we have not made explicit terms proportional to 
(powers of) velocities, or terms beyond linear order in (3. 

The potential U is identified through its role in the four-dimensional Einstein equa- 
tions, with the constraint equation in particular taking the form 



G\ = -nlU + (velocities)^ 



(5.5) 



This means that U can be read off from the tt component of the Einstein equations ( |5.4|) , 
by dropping all velocity terms (note that second time derivative terms cancel). The result 
is 



-,2A 



-2V2A + 4(VA)' - 



(5.6) 



For small potentials/velocities we can drop the 0(/3^) since it is Kaluza-Klein suppressed. 
This equation manifestly depends on y, though U must be y-independent. It is to be 
thought of as an equation determining the warp factor. 

From eq. (|5.6|) we can find a useful expression for the potential, by multiplying by 



-2A 



and integrating over the compact manifold. 



1 



Vw 



-2A 



1 ~ 



C7io + 4(VA)^--i?6 + e- 



-2A 



(5.7) 



where the warped volume is defined in ( |3.28| ). To correctly determine the potential this 
expression should be evaluated in Einstein frame, which we recall is the frame where Vw 
is independent of the moduli. An expression valid in an arbitrary frame then follows from 
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a transformation of the form (|3.12|) , ( p.l3 ). This gives our formula for the potential in a 
general warped compactification, 



E 
W 



y2 



(5.8) 



Since is moduli independent, a convenient choice of units is to set it to unity. 

There are other ways one might attempt to derive a potential from the ten-dimensional 
Einstein equations. For example, consider a solution where g^i, is maximally symmetric: 
de Sitter, Minkowski, or anti de Sitter. The Einstein's equations for such a solution are 
I) with vanishing noncompact derivatives, and 

1 



-,2A 



2 rpm 



(5.9) 



It's common to work with the trace-reversed (/uz/) Einstein equation, whose trace gives 

2 



This gives the four-dimensional curvature: multiplying by e and integrating over the 
compact space gives 



(5.11) 



This expression was useful in Maldacena and Nunez's "no-go" theorem ||T9|] . For both 
positive tension spacefilling branes and fluxes with purely compact components, — and 

are both positive. Thus ( |5.11| ) or related integrals of (|5.10|) were used to prove the 
"no-go" theorem for both non-trivial warped compactifications, and de Sitter vacua. This 
theorem was evaded in [|l|] by the presence of negative tension objects, 03 planes, or related 
sources in F-theory. One can explicitly check that both expressions (|5.8|) and ( |5.11| ) vanish 
for those solutions. 

As pointed out in [|2^ , one might be tempted to define the four-dimensional potential 
from ( ^.11 ) by kIU = R^^'^ /A. However, taken as a formula for the potential away from 
a minimum, this gives a very disparate result from ( ^.8| ). Specifically, notice that the 
terms in (|5.8|) are typically positive definite, whereas those in (|5.11| ) are typically negative 
definite. 

The reason for the discrepancy is that the difference between eqns. (|5.7D and ( |5.11J ) 
comes from adding a multiple of the equation of motion for the internal metric. If the 
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potential is U, this equation takes the form [/' = at an extremum of the potential. 
However, if we move away from such an extremum, for example by adding a perturbation 
of the solution or potential, the stationary solution for the moduli is no longer correct - 
they are rolling - and the equation for the internal metric also includes a kinetic term for 
the moduli. One can see this in the perturbative expression (A. 48) in the appendix. Since 
it neglects this term, ( |5.11D does not extend to a good expression for the potential away 
from an extremum. (Ref. |]2^ pointed out the relevance of such time dependence in the 
special case of the radial modulus.) 

5.2. Simple examples 



In the case of a brane or flux perturbation, the expression (|5.8| ) indeed gives expected 



results. A spacefilling p-brane wrapped on a cycle E has ten-dimensional action 



Sp = -Tp / dVp+i (5.12) 
JM4XE 

where dVp+i is the induced volume element, and thus stress tensor 

Ti; = -Tp6i^S{E) . (5.13) 



This gives a term in the potential of the form 



^Up = [ d^-3^v^e(^-^)^ , (5.14) 



where ^ind is the induced world-volume metric. In addition there will be corrections due 
to the shift in warping, found by solving equation (|5T^), and due to curvature. Likewise 
for compact g-fiux, the ten-dimensional action 

S, = I d^'x^g^ (5.15) 



gives 



This leads to a contribution 



^^^ = W^I d'yVhe-'^^ , (5.17) 
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together with warping and curvature corrections. Note that these expressions are positive, 
as expected. 

We can also check that our potential ( |5.8D gives familiar dynamics for the radial dila- 
ton, as described for example in []36|j37[] , as well as better understanding the relation to 
the alternate expression (|5.11|) . Consider the simpler case where we perturb an unwarped 
background by a stress tensor due to branes, fluxes, or other sources. We start by param- 
eterizing the metric as 

ds^ = e-^^ri^^dx^dx" + e^^gl.^dy'^dy'' . (5.18) 

Here D is the usual radion field which controls the volume of the internal dimensions and 
(7^„ is a Calabi-Yau metric of fixed volume. In this equation the four metric is appropriately 
scaled so as to keep the Plank mass fixed. Our goal is to determine the evolution of D due 
to the sources. 

Cast in terms of our standard notation this corresponds to e^"^ = e~^^ and Qmn = 
9m,n- We assume that the stress tensor takes the restricted form ( p.3|) , and study the 
dynamics with the entire potential treated as a perturbation. For the present discussion we 
ignore all but the radial dilaton modulus. The perturbation from the stress tensor induces 
a space-time dependent change in D; to linear order we write D{x) = D + 6D{x, y) and 

ds^ = e-6^[l - 66D{x, y)]{v^, + 6g^,)dx^dx'' + €^^[1 + 25I)(x, y)]9l^dy^dy^ . (5.19) 

We can easily check a metric of this form gives a solution to the linearized Einstein equa- 
tions in the appendix.^ At linear order the {iiu) equation becomes 

6e-^^5iiV^5D + e^^G'^ = ^l^Ti^ (5.20) 

which is an equation for 5D[x^ y). It integrates to give the potential, 

-U{D) = j d'y^le'^TH . (5.21) 



It can be shown that this gives potentials agreeing with the results in , for example for 
branes ( ^.12 ) or fluxes ( 5.15 ). 



In some cases one must also introduce a 5gmn, but it produces corrections suppressed in the 



Kaluza-Klein expansion. 
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This potential drives D to roll. To check that we have properly identified it, note 

that the linearized (mn) Einstein equation, contracted with Qmn and integrated over the 
manifold, gives 

-2^5D = kIJ rf62/v^e-6^(T- - 3T;) (5.22) 
For a source lagrangian of the form 

- J d^'^x^/^Uio , (5.23) 

with no velocity terms, we find 

T!^ = -U^oK , T- = -6[/io-^ (5.24) 



and the (mn) equation becomes 



d 

2^D = kI — U{D) (5.25) 



confirming our identification of U{D). From these equations we also explicitly see that 
( ^.11|) is not the correct expression to identify as the potential, and differs from ( ^.21|) by 
a multiple of (|5.25| ). 

5. 3. Potential for IIB GKP solutions 



An even more non-trivial check on the expression (|5.7|) comes through evaluating it for 
the flux compactifications of . This also gives us an expression useful for investigating the 
potential in cases with extra D3 or anti-D3 branes present. Here there are contributions to 
UiQ from both three- and five-form fiuxes, and from local sources; for the present discussion 
we assume that the axidilaton r is constant, though the time dependent generalization is 
readily included. 

The contributions to Uiq from the five-form can be read from the discussion of the 
appendix (subsection A. 3); here we work only to linear order in the compensators S and K. 
Likewise we can infer the contributions from G^, and from local sources with six-dimensional 
mass density function /i(y). This gives the tt Einstein equation, 

-2V'^A -f 4(VA)2 - - e-^^nlU -f \e-^^{Vaf - -Uu\Si^ -f Kid^a)d'^a = 



(5.26) 
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where as before we set velocities to zero in the equation for the potential.! We also need 
the five-form equation, which follows from eq. (A. 36) in Appendix A, with local D3-charge 
density ps: 

V ■ (e-4^Va) - e-s^Ve^^ ■ Va + e'^^Hu'Ve^^ ■ {Si + Kida) 



'- -' IZlmT 



(5.27) 



Superposing these two equations gives an equation for the quantity 

a = a-e^'^ (5.28) 

which takes the form 

■ (e-^^Va) + ie-8^(Va)2 - ie-8^V"^a ■ (^,^ + Kid^a)nu' 

- ^ V"^ pu'e-^^iSim + Kidma)] - ^Re (5.29) 

As in (^]3), the integral of this expression gives the potential (normalized for an 
arbitrary frame), 

lU =^ J d%^gl Kl,e-'^{M - Tsps) + ^^^'"^ [Gr{G, - ilG,)] 

^ ^ (5.30) 



+ ^-e-^^{daf - - \e-^^Ua\Sim + Kidma)d'^a + ^(e-^^/^^) 

For the IIB flux compact ificat ions of mass sources and D3 charge sources are equal, 

/i = Taps (5-31) 

and the corresponding terms cancel. Moreover, in the GKP solutions, a = Rq = 
and = iG^^: the potential vanishes as expected. For complex structure/axidilaton 
perturbations away from this solution, the terms on the second line of ( |5.3C1| ) are subleading 
- 0{N/c) - in the Kaluza-Klein expansion, and so the potential takes the form 



i^Iugkp = 772- [ d^yVo 



w 

where 



-Gt -Gt + KK corrections 



24/mr ^ ^ 



(5.32) 



G± = ^(G3±z*G3) . (5.33) 

This agrees with the expression in [^, and with that in in the limit where warping is 
neglected. 



^ The surprising appearance of second derivatives arises from our treatment of the five-form; 
it can be eliminated using the five-form equation of motion. 
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5.4- "No-go" results and their evasion: the slope dominance condition 

We are now in a position to better understand the no-go theorems for de Sitter space, 
and how they are evaded. With the exception of internal curvature typical sources such 
as positive-tension branes or internal fluxes all contribute positively to the potential ( [5 .81 ) . 
Moreover, any such contribution vanishes as the internal volume diverges. This follows from 
the very general argument of ref. |^^: as we see in ( |5.8| ), the four- dimensional potential 
is essentially the ten-dimensional energy over and no realistic dynamics can produce 
a ten-dimensional energy that overcomes the fall-off Thus each contribution gives 

a term Ui with U- < in the supergravity regime where calculations are reliable, so with 
only positive-energy sources there can be no non-trivial minimum. 

On the other hand, a source of negative — will generally give a contribution likewise 
asymptoting to zero at infinite volume, and thus contributes a term with 11^ > 0. Such 
terms thus play a key role in obtaining de Sitter vacua (which will necessarily be at best 
metastable by the arguments of [^). Thus, a necessary condition for such dynamics to 
stabilize moduli at a finite volume is that there must be a range of moduli over which 
such a positive contribution to U' dominates over the contributions of the other terms - 
we refer to this as "slope dominance." 

6. Potentials for Kahler deformations 

As found in , complex structure moduli become massive from the presence of non- 
trivial three-form fiux. Deformations of the Kahler moduli remains massless to leading 
order. However, as was emphasized in these deformations also have a potential when 
higher-order terms in the a' expansion are taken into account. One set of such terms is 
the 0{a'^) terms of In addition, in 0, Kachru, Kallosh, Linde, and Trivedi argued 
that non-perturbative effects can also generate a potential that they argued dominates the 
dynamics for certain values of the parameters. Finally, also considered configurations 
with explicit anti-D3 branes and thus supersymmetry breaking, which they argued produce 
de Sitter vacua. We next turn to a discussion of some of these effects in the context of our 
expanded understanding of the pertiirbative dynamics of deformations of IIB warped flux 
compactifications. 
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6.1. Perturbed potential: generalities 



A formula for the potential in warped IIB compactifications was given in (|5.30| ), and 
shown to agree with the results of in the case where the sources were D3 branes. 

However, the formula is applicable to a wider class of sources. Various effects - extra anti- 
branes, non-perturbative effects, and a' corrections - lead to perturbations of the mass 
density function fx{y) that enters this equation. In some cases - notably to analyze the 
proposed solutions of 0]- all we need is the perturbation of the potential to linear order in 
the change in ij,{y) away from the "BPS" -saturated expression. (An important exception 
to this is the case where we introduce D3-D3 pairs and study inflationary potentials, as 
in section 7.) 

At linear order in — T^ps) (and leading order in the Kaluza-Klein expansion), 
the formula for the change in the potential is easily inferred. Eqn. (|5.30|) gives the linear 
expression 



4SU = ^ 



j d%^e-^Ml^-Tsps) . (6.1) 



We consider this expression for the different perturbations of 0, anti-D3 branes and eu- 
clidean D3 brane/gaugino condensation effects, in turn. 

6.2. Potential from anti-D3 branes 

We begin with the effect of adding an anti-D3 brane to a GKP solution. Notice, 
however, that simply adding a D?> is not consistent - the charge in the compact space will 
no longer sum to zero. To maintain charge conservation, one must add D3 branes and 
anti- branes in pairs, or consider changing the three- form fluxes M and/or i^T of such 
that the change in the D3 charge = MK compensates the charges of a stack of D?> 
branes. The former case leads to mobile D3 branes and will be considered more closely in 
section 7. The latter case can be heuristically thought of as the result of the inverse of the 
transition described in [|39| , P0[1 where anti-D3 charge and flux annihilates. 

Either case produces a dipolar source for p3 and a monopole source for ii{y). To linear 
order in the charge ps of the L>3's, the effect on the potential follows immediately from 
(|0|). For example, for L D3 branes located at point yo, this expression gives 

kISU = 2LTs'§§-e^^^y'^^ . (6.2) 

Note that this interpolates between the 1/c^ dependence described in , when the brane 
is in a highly- warped region, and the dependence of if it isn't. 
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6.3. Non-perturbative potentials 

A full treatment of the dynamics of non-perturbative effects should properly be carried 
out within the context of the ten-dimensional theory; then in certain regimes these will 
have a good four-dimensional effective description. Here we outline aspects of such an 
analysis for effects due to euclidean D3 branes and gaugino condensation. 
Euclidean D3 branes 

We begin with the case of euclidean D3 branes wrapping non-trivial four-cycles of the 
compact manifold. These were argued in to give rise to a non-perturbative superpo- 



tential, which then used to fix Kahler moduli. 

Since the four- dimensional effective theory has a limited regime of validity, one would 
like to understand the ten-dimensional description of these effects. While a complete 
analysis presumably requires a non-perturbative understanding of string/M theory, one 
can nonetheless give an approximate description. 

The starting point is the observation that, whatever the ultimate description of string 
theory is, the integral over fiuctuations about a spacetime of the form x (or the gen- 
eralization to a warped product) includes both configurations of the supergravity (string) 
fields, and configurations of branes. Thus, accounting for euclidean branes, we expect that 
string dynamics can be approximated by a path integral of the form 

Z = J VgMNVBMNV(p---e'^"'' XI "i (/ I?^"M*r'A"'e"^'"^"-=(^''^'"'^"^^ . (6.3) 

Here qmn, Bmn, 0, ■ ■ ■ are bulk supergravity fields, and included in the ellipses should 
be fermionic and auxiliary fields. The brane action is written in the Green-Schwarz form; 
X* and are the bosonic brane embedding coordinates and gauge fields, and 6°' are the 
fermionic brane embedding coordinates. The sum incorporates the effects of an arbitrary 
number of brane instantons, and can be performed to give 

Z = j VgMNT^BMNT^(p---e J . (6.4) 

At this point, one can see how D3 instantons modify the classical supergravity equa- 
tions arising from the action Sub- In the dilute instanton approximation, the brane terms 
give an effective action 

iSEDs[9MN,BMN, <!>,■■■] = J MD^PAe-^''--^^''^'^'"") (6.5) 
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for the supergravity fields where the brane functional integral is evaluated in the relevant 
supergravity background. There will be corresponding corrections to the lOD equations of 
motion analyzed in appendix A. 

A full and direct analysis of the ten-dimensional equations of motion, including these 
instanton effects, would require inclusion of the auxiliary fields of type IIB supergravity, 
and in particular the dependence of Sbrane and thus Seds on these fields. Specifically, de- 
termination of the potential induced by non-perturbative effects would follow from finding 
the dependence of Seds on the auxiliary fields, and then integrating these fields out. 

While we leave the details of such an analysis for future work, we can see how ( |6.4| ) 
gives the superpotential of HTl. In many backgrounds of interest, there will be zero modes 



of the brane fields 9"". The integral over brane configurations has the general structure 

where the functional determinants arise from the non-zero modes, Sbrane is the action for 
the minimal area configuration of the brane, and the Grassman variables r] parameterize the 
C zero modes in the given supergravity background. The supersymmetry transformations 



on the odd brane coordinates take the form [42-44 



56*" = e" (6.7) 

where e is the parameter of the SUSY transformation. From this, we see that upon re- 
duction to a four-dimensional supersymmetric theory, translations of the zero modes ry 
correspond to translations in the usual four- dimensional superspace coordinates 9. Thus, 
in cases where there are two zero modes, the expression ( |6.6| ) gives a superpotential con- 
tribution to the four-dimensional theory, of the form 

W = ^^^I^e-^"-- . (6.8) 



As argued in [^T|] , on Calabi-Yau manifolds, the number of zero modes is determined 



by the holomorphic Euler character of the four-cycle in question. In the case where this 
holomorphic Euler character is one, there are precisely two zero modes and hence a su- 
perpotential. For higher holomorphic Euler character, the leading order dynamics leads 
to more zero modes, naively indicating that ( |6.6| ) cannot give an F-term. But in this case 
4^,^,^ showed that the presence of a fiux background lifts some zero modes and can 



permit a superpotential; the criterion for this was given in terms of a topological index in 
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W^ . More detailed investigation of the dynamics of warped/flux backgrounds could yield 
other effects that lift zero modes in cases where the holomorphic Euler character is greater 
than one. 

Moreover, even with more that two zero modes, in the case of a SUSY breaking 



background such as GKP where the Gukov-Vafa-Witten superpotential (|3.35[) has non- 



vanishing value Wo, such non-perturbative effects can still generate corrections to the 
potential, of order |WoP- 

Holomorphicity of the superpotential ( |6.8| ) also indicates how to identify holomorphic 
coordinates corresponding to the Kahler moduli. Let -D* represent one of the non-trivial 
four cycles of an underlying Calabi-Yau manifold. The leading result in ( |6.8| ) arises from 
the classical minimal-area brane configuration. To leading order in a' the action of the 
(euclidean) brane wrapping this cycle takes the form 

Sbrane = ^3 / d'^ Z ^/ g inde~ '^^ - ^/i3 / C4 (6.9) 

where the integral is performed over the minimal-area surface in the appropriate class and 
C4 is the sum of the potential and the dual potential for F5. (On shell, with = F5, 
the expression simply reduces to the potential.) Indeed, this motivates a definition of 
the complex coordinates pi representing Kahler deformations: if -D* correspond to /i^'^ 
independent four-cycles, we can define 



Pi = « 



/ + [ C^. (6.10) 



Notice that this definition is independent of change of frame, ( |3.12| ), ( |3.13|) . 
Gaugino Condensation on D7 stacks 

A similar analysis exhibits the origin of the superpotential resulting]^ from gaugino 
condensation on stacks of D7 branes. The starting point is again ( |6.3| ), where now the brane 
action is for D7's, the brane configuration is classical rather than euclidean, and there is 
no instanton sum. For D7's, the gauge group is SU{N), and zero modes r],(p of the 
fields A* correspond to massless matter of the worldvolume theory. In the limit where 
we neglect massive fiuctuations of the D7 about the minimal area cycle, the functional 
integral 

[ v9''vX'vA^e'Snr{x\A"^,e'^) ^ det^zmF j ^^^^^^^^5^,^ (g.ll) 

reduces to that of a low energy supersymmetric SU{N) gauge theory with matter fields 
rj, (j). Gaugino condensation is then described directly in four-dimensional terms. The 
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superpotential's dependence on the size modulus then arises from the form of the effective 
couphng of the four-dimensional theory, 

9ym 9 s 

and corresponding dependence on C4 likewise arises through the topological coupling / C4 A 
FAF. 

Form of potential 

Based on work of |^^, ref. 0] argues that the potential that would arise from a 



calculation along the above lines can be thought of as arising from a superpotential that 
supplements ( |3.35| ) with non-perturbative effects, 

W = j nAG + J2^ke''"''"^ =Wq + Wnp , (6.13) 

k 

where we take k to parametrize four-cycles corresponding to elements of H^'^. In the 
simplest case of one Kahler modulus the resulting potential takes the form 

KlUNP = e^T (6.14) 

where K is the full Kahler potential and where we define 

T = (p-p) 



ip-p) 



{dpWNpWo - h.c.) + {dpWNpWNP - h.c.) - ^^^dpWNpdpWNP 

(6.15) 

with straightforward generalization to more Kahler moduli. Thus, if we were able to calcu- 
late the contribution to the stress tensor from the non-perturbative effects, by comparing 
with (|5]^) we expect it to have the form 

^ / d'yV^ge-'^{T!;) = -e^TS^^ (6.16) 

where the piece linear (quadratic) in W^p should come from a one- (two-) instanton effect 
in our ten-dimensional analysis. 
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6.4- De Sitter solutions 

Now we consider the setup of [|2|, with both anti-D3 branes and non-perturbative 
effects. If we work to hnear order in both these effects, ( |6.1| ) makes it clear that we can 
find the potential by adding ( |6.2|) and ( |6.14|) , 

kIUkklt,! = kIUnp + 2LT3^e^^(^°) . (6.17) 

Beyond linear order in LT3 and T this formula receives corrections. 

From these expressions we can see explicitly how these configurations evade the "no- 
go" results for de Sitter solutions, which we outlined in section. 5.4. The one-instanton 
contribution in ( |6.15| ) has a phase that arises from the axion partner to p. Minimum energy 
is thus attained when this axion adjusts itself so that its phase combined with that of Wq 
makes this contribution real and negative, as assumed in . Consequently for some values 
of the parameters, the potential can produce a minimum at positive vacuum energy. 



7. Higher corrections and regimes of validity 

This section will describe corrections to our effective action formulas, and their rel- 
evance to the KKLT approach to finding de Sitter vacuap|. While we focus on the IIB 
compactifications of , many of our statements here as in the rest of the paper generalize. 

To summarize the results of the preceding sections, the scalar (moduli) perturbations 
of the solutions of [0 are governed by a four-dimensional effective action. This can be 
derived by study of the ten-dimensional form of the perturbations. The kinetic terms are 
expected to take a form such as (^4.19| ) , although a precise check of the warping corrections 



there has not yet been made. The G3 flux-induced potential, which comes from our very 
general formula ( |5.8|) , takes the form (|5.32|) . This gives masses with sizes ( f4.18| ) to the 



complex structure moduli. At supergravity level, the Kahler moduli remain massless. 

7.1. Corrections - sources and magnitudes 

As was pointed out in 0, higher order corrections will lift the Kahler flat directions; 
provided an explicit example of this. Let us begin by enumerating the various corrections 
and their magnitudes. 
a' corrections 
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The expansion parameters for string corrections are of the form 



a'Rs , a'pl , (7.1) 

where the subscript 5" denotes string-frame quantities. Converting to four-dimensional 
Einstein units, we find smaU expansion parameters 

^/g-^/2+2A^^ , a'e-^'^-^^VwPl- (7.2) 



The arguments of indicate that curvature corrections begin only at third order in a' . 
Warping corrections 

Much previous analysis of the solutions of [|l],|^ has neglected warping. Our results 
allow us to make generic statements about the size of corrections due to warping. The 
magnitude of the corrections depends on the location of the ten-dimensional phenomenon 
being studied, relative to the warped regions. This is particularly clear for example from 
the potential formula ( p.8| ). At large c, corrections due to warping are of order 

u ^ Jd^yVgUio ■ ^ ' 

Consider for example the warping produced by a stack of D3 branes. For a ten- 
dimensional phenomenon with Uio relatively uniformly distributed with respect to the 
metric Qmn, (O) gi^^s 

This size differs from a' corrections (|7.2D by the expected power of QsN, corresponding to 
the AdS radius of the region close to the D3 branes. Thus, for situations with large D3 
charge, it can make sense to keep warping corrections while neglecting other a' corrections. 
A similar estimate of the magnitude of warped corrections applies to the kinetic terms 
( [4.19|) , in cases where the metric perturbations are not concentrated in highly warped 
regions. 

For phenomena concentrated in highly warped regions, the corrections can be more 



substantial. A classic example is the potential due to an anti-D3 brane, (|6.2| ), which 
depends directly on the warp factor at the brane. An extreme case is to place such a brane 
near a stack of D3 branes - it will sink to the bottom of the throat, and its energy will 
vanish. Likewise, corrections to other terms in the action can also be large in cases where 
the corresponding expressions are concentrated in regions of large warping. 
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Kaluza-Klein corrections 

The Kaluza-Klein expansion was briefly discussed in section 4.2, where it was found 
that the Kaluza-Klein expansion parameter is of the form 



e-^'^VwPl (7.5) 

for a phenomenon characterized by four-dimensional Einstein frame momentum p4. Note 
that the corrections in our general potential formula (|5.8| ) are also suppressed in this 
expansion. Neglecting warping, the expansion parameter is of order c^pl, but in the case 
where Kaluza-Klein modes are excited in regions of large warping the expansion breaks 
down at much lower energies. 
String loop expansion 

String loop corrections are suppressed by powers of Qs- There can also be string 
non-perturbative effects, from D-instantons and euclidean D branes. If Va,s represents 
the string-frame volume of the cycle Ca wrapped by the brane, the expansion parameter 
governing the contribution of such effects takes the form 



V, 



a,S 



e 9a . (7.6) 



7.2. KKLT models 



It is particular important to understand the role of such corrections in attempts such 
as that of KKLT0 to construct phenomeno logically realistic de Sitter vacua. The original 
analysis of argued for the neglect of a' corrections, warping corrections, Kaluza-Klein 
corrections, and string loop corrections, but kept one class of nonperturbative corrections 
in Qs, due to either euclidean D3 branes or gaugino condensation on D7 stacks. 

Beginning with the solutions of we know that warping corrections and Kaluza- 
Klein corrections cannot lift the Kahler directions since, as we've reviewed, they corre- 
spond to flat directions (combined with certain complex structure deformations) of the 
full ten-dimensional theory. On the other hand, a' corrections, Qs corrections, and non- 
perturbative corrections are expected to generically give a potential in these directions 

The leading a' corrections were studied in |^^. There it was argued that these cor- 



rections shift the Kahler structure part of the Kahler potential. 



K(p,p) = -21ny->-21n(y+i-|^ | (7.7) 
38 



where ^ is given in terms of the Euler character x of the compact manifold as 

i = -f C(3) . (7.8) 

These corrections then lead to a non-zero potential for the universal Kahler modulus, of 
the form 

kIUc.> ~ e^'SKlWol^ ~ e^lW^oP ■ (7.9) 

Our discussion of how to evade "no-go" theorems, in section 5.4, tells us that we must 
find a contribution to the potential that is negative and gives dominant contribution to the 
slope in some region of moduli space. Ref. invokes the contributions from euclidean D3 
branes, or gaugino condensation on D7 branes, with superpotentials of the form W^p in 
( |b.l3| ), and giving a potential of the form (6.14). Recall that this term is minimized when 



the axion in p adjusts its phase such that the one-instanton contribution proportional to 
Wq is real and negative. Thus this is a natural candidate for the mechanism needed to 
achieve a de Sitter vacuum. 

The resulting potential (with KKLT's added brane) consists of (|6.17|) , together 



with a' corrections, as well as corrections to this potential from Kaluza-Klein modes and 
warping.i The latter two do not lift the flat directions by themselves, but we expect they 
could generically give corrections of order O ('^) to non-zero terms in the potential, or, 
in cases of dynamics in strongly warped regions, even larger corrections. (We are also 
informed of explicit calculations fl^j of open-string loop corrections at order 5K ~ QsN/c.) 



Let us examine the slope dominance condition from our "no-go" discussion. After the 
axion partner to p has adjusted, and then taking p = ia, we have a one-instanton potential 
(in the simplest one-modulus case) 

nlUi = -4e-^cTa|AVl^o|e-"" oc .^^i^g""" . (7.10) 
Thus the corresponding slope is 

kIU' = 4ae^|AVF"o|e-"^(2 + aa) . (7.11) 
Validity of the instanton expansion requires 

aa>l . (7.12) 



There also could be non-perturbative contributions from, e.g., other euclidean branes. 
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Prom (|7.2| ), we find validity of the ol expansion requires 

a > — , (7.13) 
9s 

and recall that validity of the string loop expansion requires ^ 1. For the slope ( |7.11J ) 
to dominate over that of the a' corrections (17.91), we find the condition 



|A|ae— (2 + aa)>4^^, (7.14) 



or 



\A\{aaf{ag:f'l^e-'^">\W^\ . (7.15) 
This gives us a fine-tuning condition for Wq. For example, for euclidean L>3 branes, a = l-n. 



Moreover, (|7.13|) and for example gs ~ 1/10 then gives the extreme tuning condition 

10-24 > iVf^ol . (7.16) 

KKLT found more success with gaugino condensation with large gauge groups, where a = 
271 /N . This weakens the tuning condition ( [7.15| ) considerably, but still requires moderate 
fine-tuning of Wq. For example, even = 60, so that a = 0.1, still requires \Wq\ <^ 1. 

If a D3 is added as in KKLT, the condition for slope dominance of the instanton 
contribution over the D3 potential (|0|) is 



ne^^^y'>^<gs\WoA\a{aa)e-'"' . (7.17) 

In light of the fine-tuning for \Wo\ and (|7.13| ), this implies that the warping at the D3 
location must be significant. 

While in the present constructions, these are the only obvious places that large warping 
is important, in general large warping should be relevant to moduli potentials in any context 
when the effects generating the potentials are concentrated in regions of large warping; in 
this case it lowers the energy scales of the corresponding phenomenon. In particular, large 
warping can lead to breakdown of four-dimensional analysis at the redshifted energy scale 
in ( [1.17|) , much lower than the naive scale E ~ Note that even in the context of [0 

this possibility could be relevant and further restrict the regime of validity of the KKLT 
solutions, given the localization of the deformation controlling the conifold to the region 
at the bottom of a warped throat (see the next subsection). 
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As a final comment on these constructions, we note that other non-perturbative cor- 
rections due to euclidean branes could contribute to the potential once supersymmetry is 
broken. For example, in the IIB context, these include D-instantons, euclidean D-strings 
wrapping two cycles, and even five branes wrapping the entire compact manifold. How- 
ever, since the latter two break the supersymmetries of the original compactification, their 
contributions are expected to be suppressed by fermion zero modes. They could contribute 
to the potential once supersymmetry is broken, but one would expect the contributions to 
be suppressed by the square of the gravitino mass ~ | Wq \ ■ Taking into account dependence 
on the size of cycles, this suggests potential contributions due to euclidean p branes of the 
general form 

U, ~ \Wo\'e-f7M)'''^'''' . (7.18) 



The smallness of \Wo\ suggests that these should be suppressed, but such contributions 



should be further investigated. Contributions of D-instantons have been discussed in HS 



7.3. Statistics on the landscape 

Another place where one should consider warping is in the statistical arguments about 
string vacua -pi I . These arguments are based on a particular form for the super and 



Kahler potentials. While we don't believe that the Gukov-Vafa-Witten superpotential is 
modified by warping, the Kahler potential does appear to be. An important part of the 



arguments of [^0| - |54| is the independence of the Kahler potential on the fiuxes. However, 



( [4.19|) suggests Kahler potential modifications of the form 

K{z,z) -log (^-i J e-^^n A , (7.19) 

although, as we have emphasized, there could be more complicated dependence on the 
warping as well. Such expressions depend on the flux through the warping. While typically 
one would expect the flux corrections to be small at large radius - of relative order N/c 
- there could be exceptions. Notably, consider the deformation of the conifold studied in 
1^. Corresponding to (|7.19|) , the metric for complex structure deformations would take a 



form 

-4A 



Sep ~ J A xp (7.20) 

where Xa form a basis for the (2,1) forms. In particular, as has been found in explicit 
studies of conifold geometry ||55| , |56| , the (2,1) form corresponding to the conifold modulus 
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is concentrated in the vicinity of the shrinking cycle, where the warp factor becomes large. 
While a precise statement requires more careful study of the structure of the metric Q^^ 
in the context of compact geometry, this suggests enhanced dependence on the warping, 
and thus the fluxes (as well as flux-dependent suppression of the mass-scale associated to 
the conifold modulus z). So it appears that warping could modify landscape statistics 
arguments in regions with strong warping. 



8. Dynamics of mobile branes 

Another important application for an understanding of the dynamics of warped com- 
pactifications is the case of mobile branes. The idea that the modulus corresponding to 
a moving brane could serve as the inflaton field has been widely investigated since [^| 



(for a review see [^), but the idea typically experiences difficulties with known interbrane 
potentials, primarily a failure of slow roll. Refs. suggested that warping could lower 
interbrane potentials and allow slow roll, but found that this naive hope was difficult to 
realize due to contributions to the slow-roll parameter r] = U" /U from the stabilization 
mechanism. At the same time, this raised a puzzle about the correct definition of the holo- 
morphic parameters corresponding to Kahler moduli in the presence of moving branes, 
and their coupling to D7 brane gauge excitations (the "rho problem," see refs. pT] , p2| ). 
A possible resolution was presented, in a special case, after a lengthy analysis by Berg, 
Haack, and Kors in [|15[ (see also |]59[] ). 

In this section we will investigate this complex of ideas using our deeper understanding 
of the origin of the potential on the landscape. In particular, our formula ( ^.8|) allows us to 
give a systematic approach to computing interbrane potentials. This gives a more generic 
understanding of the origin of the problem with slow roll. It also gives a clear resolution 
of the rho problem and the question of moduli coupling to D7 gauge theories. 

8.1. Kinetic terms for D3 branes 

The dynamics of space filling D3 branes provides promising candidates for the inflaton 
field. In this section and the subsequent one we obtain the kinetic and potential terms 
associated with this dynamics by using the DBI action 



-n j d^i[-det{g^p)]''^ + ii^ j (8.1) 
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Here are coordinates on the world volume of the brane and the pullback of the ten 
dimensional metric on the brane, and C4 includes the dual potential to C4. 

For space-filling branes, the world volume coordinates can be taken to same as those 
describing the non-compact directions and the brane motion in the compact directions can 
be parametrized as 

y'^ = y^ + y^{x) (8.2) 

Working in a general frame, this gives the pullback metric as 

9c.p = e'^77a/? + e-^'^cimnd^y^dpy^ . (8.3) 

The kinetic terms can then be obtained from the first term in (|8.1| ) and are given by 

-^T3 j d^xg^ndc.y'^d^y^ . (8.4) 

The frame relevant to the four dimensional dynamics is the Einstein frame, where the 
warped volume is set to a constant, say V^. An expression which reproduces this answer 
but can be evaluated in any frame is 

'l^s^ J d^x-gmndc.y'^d^y'' . (8.5) 

8.2. Potentials for brane motion 

The structure of the potential for mobile branes is of particular interest, since brane 
positions have been widely explored as candidates for inflatons, for example in the work 
of and subsequent developments. 

For our basic setup, we assume that we start with a GKP solution, and then add 
some balanced brane and antibrane charge. The simplest way to do this is to add one 
or more anti-branes, and an equal number of branes. Alternately, the charge of some 
of the antibranes can be balanced by changing the ISD fluxes (as discussed in section 
6.2). For concreteness we focus on the case of brane-antibrane pairs, with straightforward 
generalization to the case of shifted fluxes. 

Adding a brane-antibrane pair at positions yo and yo shifts the sources ps and fj, as 
follows: 

. SHy-yo) S^jy-m) .... 

dps = , 8.6 

dp = T3 hTg . (8.7) 
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For more pairs we simply superpose such shifts. The equation ( |5.30|) for the potential of 
the GKP solutions was derived with enough generality to incorporate such sources. The 
presence of the D3 explicitly breaks supersymmetry and leads to a nonzero potential. If 
we are interested in the potential for D3 motion, we must then evaluate U to quadratic 
order in the perturbation given by (|8.6| ) and (|8.7| ). 

Both a and /i — T3P3 are linear in these sources, and we drop higher order terms in 
the Kaluza- Klein expansion, which are suppressed by N/c. Thus, to quadratic order in 
the mobile brane tensions, the potential is 



1 

SVw e^^^j^o) 



4UP{P., yo, m) = 2^^, + 2^^!^, + ld%^ 



4 



w 

(8.8) 

where in this expression Vw and A are the unperturbed values. The first term is the 
cosmological constant contribution due to the anti-brane, and the second includes the 
interbrane potential, which can be small for large warping, as well as self energy of the 
D3. The third term gives a compensating self-energy correction, and the last term leads 
to a shift in the potential for yo that is proportional to the original potential. To evaluate 
these terms we solve for a and 5e~^'^ to linear order. 

The quantity a is determined by ( |5.29| ), which, again to linear order in a and leading 
order in the KK expansion, becomes 

V ■ (e-^^Va) = 2«?oe"^^(T3P3 - /«) + 2e-'^^Kl5U . (8.9) 

This simplifies in the metric g to 

V^a = 2K?oe^^(^3P3 - /") + 2e^^Kl6U . (8.10) 

The consistency condition from the integral of this expression fixes dU, which is the linear 
(first) term in (|8.8| ). The quantity a can thus be found in terms of the Green function for 
the laplacian (with convenient background charge term), 

VlGM)^'-^^-^. (8.11) 

The linear order a is thus 

a{y) = j (fy'^G{y, y') [2Kloe''^{T^p^ - p) + 2e^^KldU] . (8.12) 
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Next, 5e can be found from the five- form equation, (|5.27|) . Eliminating a by ( |5.28| ) 
and using the a equation ( |5.29| ), we find 

Se-^^ = - j d%'^/^G{y, y') (^Kl^Sfi - e-^^Ve"^^ ■ Va - 2K^e-^^5t/) , (8.13) 

where the quantities G, and jl are computed using the metric g. 

To summarize, these equations tell us that the source for a is the L>3 density, the 
source for e~^"^ is the mass density, and hkewise the source for a is the D3 charge density. 
Substituting (|8J2D and (|]T|) into (U) and using 



5Vw = j d^2/v^5e-4^ (8.14) 

gives an exphcit formula for the potential, as a function of the position of the branes. 
Slow roll? 

As expected, the potential is (locally) minimized when the -D3 sits at the bottom of a 
Klebanov-Strassler throat in the warped compactification. To stabilize the Kahler moduli, 
we include the non-perturbative potential ( |6.14| ) generated from ( |6.13| ), 

U = Up + \[e^i: + 5{e^i:)] , (8.15) 

^4 



where T was defined in equation ( |6.15 ). Consistent with our other formulas, we expect 



that oc ^/Vyy in this formula. In (8^), the potential for the motion of the mobile D3 



comes from the second and last terms - these are the only terms that depend on y^. The 
second term gives the interbrane potential; the redshift from e^"^ means that this can give 
a slow-roll parameter 

U" 

rj=— (8.16) 



that is small. However, the last term in eqn. ( |8.8| ) together with the yo dependent terms 
in d{e^T) also contribute to rj. The following argument indicates that this contribution is 
proportional to the cosmological constant Umin- 

To understand the dependence on y^, note that a good definition of holomorphic 
coordinates is the (complexified) warped volume of the minimal four-cycles, eqn. ( |6.10| ), as 
these are precisely the variables occurring in the non-perturbative superpotential ( |6.13| ). 
An alternative way to motivate this is to recall from section 3 that we've identified the 
imaginary part of the universal Kahler modulus as the constant part of e~^^^ but such a 
definition depends on the decomposition into a constant part and the background e"^"^". 
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The full e"^"^ is the geometrically defined quantity, and since it depends on the compact 
coordinates, it must be integrated to define a quantity that can be identified as a modulus. 
For the non-perturbative superpotential, the relevant integral is then that over a four cycle. 

The presence of the -D3 — -D3 source shifts the warp-factor and hence the definition of 
the holomorphic coordinates by a non-holomorphic piece that depends on ijQ. That is, the 
good holomorphic coordinates for the new problem - with mobile branes - are related to 
the original holomorphic coordinates po,i by 



Pi = Po,i + i d'^z^Qind^e . (8.17) 

(The shift from 6*4 is typically subleading.) The dependence of this shift on follows 
from the first term in ( |8.13 ), and thus takes the form 

5pi = -2mfoT3 / d'^z^/^~iG{z,yo) . (8.18) 



The warped volume also experiences an explicit shift 5Vw from ( |8.13|) , (|8.14|) . In 



order to correctly minimize the potential, we write the warped volume in terms of the new 
Pi- 

Vw = V^{p, - (5p,(2/o)) + 5Vw ~ C(pO - 5p^{yo)^pyw + ■ (8.19) 
The explicit dependence 5Vw on y^ is weak - for example, it clearly vanishes on the torus 
. The combined potential (|8.15| ) now fixes the new coordinate pi and the warped volume 
picks up the yo dependent piece from the Kahler modulus dependence in ( |8.19| ). This 



dependence is generically 0{1) since (|8.18| ) is computed in terms of unwarped quantities. 



and from ( |8.8|) and (|8.15|) we see that this shift generically makes an 0{1) contribution to 
ry proportional to Umin- 

In short, the potential essentially fixes the holomorphic Kahler moduli pi, but at fixed 
Pi it depends on the D3 positions not only through the interbrane potential, but also 
through Vw- 

A first check on this argument immediately follows. Recall that in the coincident limit 



Giz,yo)r^ ,_ (8.20) 



of a D3 brane with a D7 brane, the gauge coupling should vanish [pOU . We see this behavior 

quite explicitly in ( ^.18| ) , as in a small neighborhood the Green function behaves as 

1 

{z - yo) 

and its integral diverges when yo touches a D7 brane wrapped on the cycle D^. The 
identification ( |6.12| ) thus implies vanishing coupling constant. 

Different forms of this argument were made in P, p!5| , |6T|j6^] . The relationship of our 
argument to those can be better understood by investigating the resolution of what has 
been called the "rho problem." 
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8.3. The rho problem and Kahler potential 

The approach of led to a puzzle [pTj^ known as the "rho problem." The Kahler 
potential proposed in p that correctly reproduces no-scale structure and the kinetic terms 
for mobile branes takes the form 

K{p, -p- 4)) = -3 In [-i{p -p) + k{<P, ^)] (8.21) 

where (p are fields corresponding to brane positions yo. Comparison with known brane 
kinetic terms suggested that the relation between the holomorphic Kahler modulus and 
the volume is given by identifying the volume with the argument of the log: 

-i(p-p)^V^/'-k{cP,^) . (8.22) 

But then the relation Qym °^ V^/^ for the gauge coupling in the D7-brane action Tr(F'^) 
suggests that the gauge coupling is not the real part of a holomorphic function, in contra- 
diction to SUSY. 

This question appears cleanly resolved in our approach. In our definition of holo- 
morphic coordinates (|6.10|) , the gauge coupling (|6.12|) is manifestly the real part of a 
holomorphic function, and with the identification 

K^-SlnVw, (8.23) 



eqn. (|8.19|) also explains the presence of the shift term in the argument of ( |8.22| ). 



However, a small puzzle remains. Consider a simple example where the compact space 
is a product of three tori, Ti x x Tg (or some orbifold thereof). Then the shift in the pi 
that corresponds to = x T|, given by ( |8.18[ ), only depends on the coordinates of the 
D3 brane along Tg , that is it only depends on the coordinates perpendicular to the four 
cycle. Eqn. ( p.l9|) then does not obviously give the expected form for k{(f),(f)) in ( |8.21|) . 
Indeed, while it was not emphasized in [|15|, the corrections found there for example in the 



case of K3 x had precisely this property. (This serves as another check on our analysis; 
indeed, our calculation can apparently be thought of as a closed-string dual to the open 
string loop calculation done in [|T5| .) 



While this looks promising for generating a flat direction in the potential, arising from 
the corresponding shift symmetry as in [ |63| , p^ , at the same time this does not appear to 
give a result of the form (|8.22| ) . 
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An apparent resolution of this puzzle arises from the formula (|8.19 ), which gives a 
sum of terms corresponding to each of the four cycles. The democracy among the cycles 
should give an expression that depends on all components of the D3 position; this is exactly 
what happens on the torus. Indeed, one can see a possible origin for such a statement in 
a more general geometry, at least in the large volume limit. Parameterize the Kahler class 
of the underlying metric g in terms of elements of i7^(M, M) as J = Yli^^-^i^ that for 
two-cycles Di dual to the four-cycles -D*, 



J = f . 



1.24) 



In the unwarped limit, the four-cycle moduli pi are related to the by 



Pi = dt^V . 



.25) 



At large c we find 



Vw 



(8.26) 



Accounting for dependence of the warp factor on the coordinate of the D3 gives the shift 
( p.lSp ; we might anticipate that likewise two-cycle coordinates could be defined in terms 
of the actual metric, 



2A 



+ / C2 

Di 



i.27) 



although we don't expect these to be naturally holomorphic for the supersymmetry corre- 
sponding to D3 branes. These likewise would thus receive a i/q dependent shift 



'Di 



-2A 



(8.28) 



The induced dependence on the distance to the cycle Di would introduce complementary 
dependence to the distance to the dual cycle -D* resulting from ( |8.18| ). This apparently 
resolves the puzzle, but for the same reason, we expect shift symmetries that would generate 
fiat directions in the potential to be generically lifted. 
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9. Conclusion 

This worlc tias improved ttie systematic understanding of warped compactifications, 
which we have seen develop a possibly central relevance in the phenomenology and cos- 
mology of string theory. While our systematic treatment of time-dependent solutions is 
only at the linearized level, we have been able to address many questions, and in particu- 
lar have provided a very general formula for the potential that extends beyond the linear 
approximation. This paper has also clarified multiple issues in proper description of mod- 
uli of the flux compactifications of [Q, and in understanding their lift to ten-dimensional 
dynamics. Beyond that, it has begun a careful investigation of other effects, including 
non-perturbative effects, in the ten-dimensional warped context. Such analysis is critical 
to understanding in what cases vacua with positive cosmological constant arise, and ulti- 
mately will be important to the better understanding of the phenomenology and statistics 
of such solutions. It is also important for investigating possible origins of inflation. There 
are many open questions that remain in the physics of warped compactiflcations, but this 
paper should make some of them more accessible and thus bring us a step closer to a full 
understanding of their rich dynamics. 
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Appendix A. Linearized spacetime-dependent perturbations of warped com- 
pactifications 

In this appendix we will derive the linearized equations of motion for fluctuations 
about warped compactiflcations, with particular focus on the IIB case of [jl| . We begin by 
studying the general form of the perturbations. We then write the equations of motion, 
and flnally explain how they are solved. 
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A.l. Metric perturbations 

Time dependent perturbations and compensators 

We begin with a general warped background metric of the form 

ds^ = e^^r]^^dx^dx'' + e-'^^-Qmndy'^dy'' . (A.l) 

Time-independent perturbations of this metric arising from moduh take the form 

5 A = u^SjA , 5gmn = u^Sigmn ■ (A. 2) 

where denotes a general modulus parameter, and djA and digmn are the corresponding 
changes in the warp factor and metric. If we wish to generalize this to a spacetime- 
dependent variation (or a linear combination thereof), parameterized by u^{x), we must 
consider a general perturbation of the form 

ds^ = [e^^ + u'{x)die^^] r^^^dx^dx" + [e'^^^^, + u\x)5i {e-^^g^n)] dy'^dy'' 

(A. 3) 

+ 2d^d^u^{x)e'^^Ki{y)dx''dx'' + 2e^^Bi^{y)d^u\x)dx^dy'^ . 

The first line follows from the static deformation ( |A.2|) , but for a spacetime dependent 
perturbation the terms in the second line are also allowed. 

We can also consider tensor perturbations of the four-dimensional metric, 

ds^ ds^ + e^^ {y)5Kgt,u{x)dx^dx'' (A.4) 

labeled by index K, which may include Kaluza- Klein excitations with nontrivial compact 
dependence encoded in f^{y). 

We refer to the quantities Kj and Bjm as "compensators" for the metric. These may 
be eliminated by ten-dimensional diffeomorphisms generated by vectors 

= -Kj(y)aV(x) , = e^^d'^Ki{y)u\x) (A.5) 

and 

r = -e'^BTu'ix) , (A.6) 

respectively. However, note that these transformations also induce a diffeomorphism on 
the internal six-dimensional space, so that in the new coordinates, with vanishing compen- 
sators, A and the six-dimensional metric have changed by 

Sigmn Sigmn + ^^igmn , SjA SjA + C^^A , (A. 7) 
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where C^^ is the Lie derivative with respect to the vector 

= e^^ [d^Ki - Bf) . 
This means that if we fix a famihar gauge such as transverse gauge 







(A. 



(A.9) 



this does not necessarily agree with the gauge in which the compensators vanish. Indeed, 
we will find that the equations of motion imply that either we can fix the gauge (|A.9|) or 
we can fix a gauge where the compensators Ki and -B/m vanish, but these two gauges are 
not in general mutually compatible. 
Curvature and Einstein Tensor 

Metric fiuctuations are controlled by Einstein's equations, for which we need the com- 
ponents of the Ricci and Einstein tensors for the metric perturbation ( |A.3|) . Specifically, 
one can work out the change of these tensors induced by the deformations ([A.3| ), ([A.4| ) 
about the metric ( |A.1|) . 

The components of the change in the Ricci tensor follow from the general formula 

. 1 . 



5Rmn = -^^^ p^Qmn - NQ^^^gpQ + {m^9n)p 



The fully non-compact part takes the form 

+ e'^'d^d^u'V^iBi^ - dmKi) -f e'^5i:;Ua'd'^A{Bi^ - d^Ki\ 



(A.ll) 



2A 



where SkR^^"^ denotes the four-dimensional Ricci tensor resulting from r]^^, + SkQ^iu and 
indices are raised on 6x9 and d^^duU^ using r]^^ . The remaining curvatures are 

= e-''^d^u'{ 28^5 1 A - SdmASiA - h^dfg + d^A5i~g 
- 2dPASi~gmp + ^VPSj-gmp 



e^^ (VpBi^ - V^Bip)] + 2{dmABip - dpABirn)VPe^^ 



(A.12) 



2^' 
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and 



+ ^e-2^n«4 [e^^ {Bin - dnKi)] + Vn [e^^ (Sf - d'^Ki)] 



rm ~mk 



1 



(A.13) 



A -2A 



K 



From these, it is easy to deduce the perturbation in the Einstein tensor: 



-2V^A + 4(VA)2 - -R 



I + {d^d^u' - Si^Du') {A61A - ^Sig) 



+ {d^d^u^ - Si^Ou^) e2^VP(S7p - dpKi) 



(A. 14) 



SC^ = SRi^ =e-''^d^u'}^dm5iA - WmASjA - -dmSig + dmASjg 
-2dPASi~gmp+^^PSigmp 



1 



o4A 



VpBim - V^Sjp)] + 2{dmABip - dpABim)We^'^ 



+ =:e^'^BimV'e 



/m V e — e K Bin 



(A.15) 



52 



and 



na' (^^e-'^ { V"^ [e^^ [Bj^ - dr^Kj)] + V. [e^^ (Sf - d^^Kj)] } 



2 1 2 



(A.16) 



These will be used in the perturbed Einstein equations in section A. 5. 

A. 2. Perturbations of Gs 

In the warped compactifications of fluctuations of the metric also couple to fluc- 
tuations of the three- and flve-form NS-NS and Ramond-Ramond flelds. We flrst consider 
the three-form case. 



With 



G, - ^3 - tH. = dC. - TdBo 



(A.17) 



we flnd 



SG3 = d5C2 - Td5B2 - 5tH3, (A. 18) 

The general form for 6C2, SB2 (without exciting "model independent" axions) is then 

SC2 = u^SiC2 + du^ A Ti 
5B2 = u^diB2 + du^ A Ri , 



(A.19) 



where 5jC2, 5/i?2 correspond to the static variations of the potential and T/ and Ri are 
compensators for the three forms. From this we find 



5G3 = d [u^ {5iC2 - dTi)] - rd [u^ (5/^2 - dRi)] - StHs . 



(A.20) 



The compensators Tj, Rj are determined by the three- form equations of motion. 
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In order to write Einstein's equations, we also need the stress tensor for this pertur- 
bation. With stress tensor 

Tmn = — 



6S 



-9 



MN 



we find for the three- form 
1 / 



.(3)JV 



In particular, the linearized fiu component takes the form 



1 



1 



Imr 



(^3 • Gs) 



and we will parameterize the mixed components as 

,-2A 



(A.21) 



(A.22) 



(A.23) 



(A.24) 



A. 3. Perturbations of 

Form of perturbation 

We next turn to perturbations of the five-form. This can be written in terms of a 
potential C4 as 

F5 = dC4 + *dC4 (A.25) 
The background four-form is taken as in as 

C4 = a{y) d^x . (A.26) 

The general form of the perturbation is 

SC4 = u\x)5iad'^x + du^ A sf^ + *4du^ A Si + u\x)w\'^^ + Df^^ A wf'^ . (A.27) 

Here the compensators 5"/, S\ are one and three forms with components only in the 
compact directions. Likewise, and w^^^ are two and four forms with components only 
in the compact directions, necessary to describe the axionic excitations; D\2) ^ form 
with all components in the non-compact directions, which is related to by the equations 
of motion. Using the metric ( |A.3|) , this gives 



5F. 



uUx) 



d{Sia) + e^^Uwf^ - Uu\x)Si^ d^x - *4du^ A dSi 



- du^ A {dSf> - wf') + u\x)dwY> + nu\x)e-^^* [Sj + Kjda] 

- u^6i {e-^'^ida) - e'^^^du^ A S [dSi + Bj A da] 

- *4 du^ A i{dSf^^ - ^) + (1 + *)d {pl^) A wf^ 



(A.28) 
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Equation of motion and solutions 

The equation of motion for the five-form is 

dF, = + 2kIoTs *6 p'r ■ (A.29) 

T — T 

Working about a background corresponding to one of the solutions of the linearized 
equations then take the form 

dSF, = 6 (%^) + 2«?o7^35 *6 . (A.30) 
To simplify the discussion, we can set the axionic pieces wj^"* and Wj^^ to zero, consistent 

(3) 

with the equations of motion, and likewise the compensator 5") can be taken to vanish. 



We then find from ( [OsD 



d6F5 = - u\x)d [5i {e-^^Ua)] + Uu\x)d [e-^^*{Si + Kida)] 

+ du^ A [d [e-^'^iidSi + Bj A da)] - Si (e'^'^ida) } (A.31) 
+ dDu\x) A [e-^'^iiSi + Kida)] . 



The source term in ( |A.30|) then follows from the three- form perturbation, ( |A.20| ). This 
gives 



GsAGs 



T — T 



d{u\x)(3f^) , (A.32) 



where 

j(5) 



f3Y> = {diC2 - dTi) AHs-FsA {S1B2 - dRj) (A.33) 

is a five-form on the internal manifold. Consider the case of a massive perturbation (with 
obvious restriction to the massless case), which corresponds to 

Du^ = m\u^ . (A.34) 

The five-form equation then reduces to 

d {e-^^l{dSi + BiA da)] + mje-^^i{Si + Kjda) = 5i {e'^^ida) + (3^ + . (A.35) 

(The local part is zero, since the branes continue to lie in the non-compact directions, i.e 
they are still point-like on the internal manifold ) For a given mf and metric compensators 
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Bj, Kj, which are determined by the Einstein equations, eq. ( |A.35|) determines the five- 
form compensator Si and the perturbation 5ia. A useful equation for determining 5ia 
in the hmit when the compensators can be neglected arises from the derivative of ( |A.35|) , 
which gives 



(A.36) 



12/mr 
Energv-momentum tensor 

In preparation for solving Einstein's equations, we need the energy-momentum tensor 
for the perturbation ([A.28|); again, for the solutions of interest, we neglect axionic excita- 



tions and set w^^^ = Wj^^ = Sj^^ = 0. The perturbation in the energy momentum tensor 
is given by 



STf = -Si" 



10 



d'^u^e [dmSip - dpSim + dmaBjp - dpaBim] d^a 



(A.37) 
(A.38) 



and 



2kIq 



10 



u St < e 



-6A 



-6A 



+ ^^Ua' { Si^d'^a + d^aST - S^^Sipd^a + 2Ki 



(A.39) 



A.J^. Perturbations of t 

Before introduction of three-form flux there are also massless perturbations of the 
complex field r, defined in (|2.2| ); introduction of fiux then makes these massive. The r 
equation of motion follows from ( |2.1| ) and takes the form 



ilmr 12 



(A.40) 



The linearization of this is 



6 



(A.41) 



where G^ are defined in eq. ( |5.33|) . In the orientifold case where the background r is 
constant, the linearized stress tensor due to r vanishes. 
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A. 5. Equations of motion for perturbations 

We next outline the solution of the perturbed equations of motion for light modes of 
the warped IIB compactifications of [|1| . In addition to the three- and five- form equations 
discussed in sections A. 2, A. 3 and the r equation of section A. 4, these include the perturbed 
Einstein equation 

6G^ - kIoSTI^ . (A.42) 

For general matter (p coupled to gravity, the presence of a zero mode corresponds to the 
existence of deformations 



Sqmn = u^SigMNiy) , = u^5i(p{y) , (A.43) 

with constant , that satisfy the Einstein equations ([A.42| ). For example, in the case 
of warped IIB compactifications [^| without three-form fiux, the complex structure and 



Kahler deformations of the underlying Calabi-Yau, together with the corresponding defor- 
mations of -F5, are zero modes, as described in section 3. Turning on fiux then lifts the 
complex structure modes, as explained in [|I|. 
Summary of equations of motion 

A spacetime-dependent perturbation takes the more general form described in the 
preceding subsections, with compensators present, and solution of the equations of motion 
is consequently more complicated. We begin by summarizing the relevant equations we 
must solve. 

The three- form perturbation is given by ( A.19| ). The equation of motion for this 



perturbation, resulting from varying the action ( |2.1D , then determines the variation of the 
potential, 61A2, and the three- form compensator Tj. The five- form perturbation is given 
by ( |A.27D . For a perturbation with definite value of four- dimensional p'^ = —m? (and 
axionic pieces set to zero), the five- form equation reduces to ( [A.35|) which determines the 
variation 5ia and the compensator Sj. The axidilaton perturbation 5/r is determined to 
linear order by ( [A.41|) . 



The metric perturbation is given in ( |A.3|) and ( A. 4 ). These perturbations are fixed 



by Einstein's equations. We consider stress tensor perturbations due to perturbations of 
the three- and five-forms, along with explicit sources such as localized branes. The (m/u) 
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equation follows from the Einstein tensor ( |A.15|) , and the stress tensors ( |A.24| ) and ( |A.38|) , 
together with a possible piece from other sources such as branes: 



e 

4A 



4A 



source 
m 



(5je-4^) - VP {e-^^5i~gmp) 
Here we have parametrized the source contribution by 

-2A 

rpsource fi afi Irpsource 

~ ^ ^ Irn 



(A.44) 



(A.45) 



We can think of equation (|A.44| ) as determining the metric compensators Bj. 

A simplifying assumption for the source stress tensor is that the and mn compo- 
nents take the form (|5.3|) . This is in general violated by velocities for the moduli (but 
only at quadratic order), but will hold near an extremum of the potential for the moduli. 
With this assumption, the equations simplify. We will also assume that the only non-zero 
four-metric perturbation has unity and SG^J^^^ oc S^. This will be valid when the 
Kaluza-Klein modes of the four- metric are not excited, and if we restrict to linear order in 
perturbations. 

With these assumptions the (/iz/) Einstein equation has two kinds of terms, propor- 
tional to d^di^u and 77^1,, respectively. From (|A.14| ) and (|A.37| ) we see that the coefficient 
of d^d^u gives the equation 



1 



(A.46) 



We can think of this equation as determining the metric compensators Kj. Likewise, 
including the contribution of (|A.23| ) and trace-reversing, we find from the coefficient of rj^j^ 



1^ 



1 



1 



-8A 



+ 13x^8^ j-^V"^ [e''''{Bi^-dmKi)\+Ui~g+U-^''{Si^-\-Kidma)d^a^ 



1 



48Imr 

which we can think of as an equation fixing SjA. 



(A.47) 
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Finally, the (mn) Einstein equation follows from (|A.16| ) and ( |A.39| ): 



dmOldna - -gmniyO-Y 



Sindma + dnaSim - 9mnSipdPa + 2Ki [ dmad^a - -gmnC^a) 



2 9mn€- 



-4A^^(4) 



loc 
mn 



(mn) 



This equation determines Sgr, 



(A.48) 



A. 6. Massless perturbations: Gs = 

We begin by outlining the solution of these equations before G3 flux is turned on. 



In this case, which corresponds to perturbations of the Chan-Paul- Verlinde solutions ||32|| , 
we know we should find massless perturbations corresponding to the complex structure 
moduli and Kahler moduli. 

The equations simplify considerably when G3 = Qu = 0. Moreover, here SG^^^ = 0, 
and the perturbation of r decouples and is constant in y, as seen from eqn. ( |A.41| ). In this 
case, (|A.36|) gives 



(A.49) 



Dividing this by four, subtracting the result from the Einstein equation ([A.47| ) , and writing 
the result in terms of the quantity 



a = a — e 



AA 



(A.50) 



gives 



V^a + e-'^^(Va)^ = 0; 



(A.51) 



note that the terms from local sources cancel. The integral of this over the compact 
manifold implies that a must be a constant, which can be set to zero. 
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The Einstein equation ( |A.47 ) then becomes 



,2 



Si = [e"^^ (t; - T-)'""-"^^] (A.52) 

where here T^""'^'^'^ is due to D3 branes and 03 planes (or more generaUy D7's as in [Q). 
This determines 5e~'^^ in terms of the metric and source variation. However, this equation 
is unchanged if 5e~'^^ is shifted by a constant. The constant is determined by the integral 
of the Einstein equation ( |A.46[ ) over the compact manifold, which tells us that 



= J cfy^g [die-'^ + ^e'^^^,^) = 6i j d'y^ge-^^ . (A.53) 



Note that this is precisely the condition that the warped volume given by ( |3.28[ ) be un- 
changed by the perturbation. 

The (mn) Einstein equation is then easily seen to be solved as long as 

hGmn = , (A.54) 

which is the equation for a zero mode and is satisfied for complex structure and Kahler 
deformations of the metric. Finally, the five-form equation ( [A.35|) together with the {mn) 
component of Einstein's equations, (|A.44|) , are then coupled equations determining the 



compensators 5"/ and S/. Given the resulting Bj, the Einstein equation (|A.46| ) then 
determines the compensator Kj. 

Notice in particular that these compensator equations are not in general consistent 
with the usual transverse gauge for deformations, ( [A.9|) , together with vanishing of the 
metric compensators, 

Ki = Bi = . (A.55) 

In other words, transverse gauge ( |A.9|) and vanishing-compensator gauge ( |A.55|) are in 
general distinct gauge choices. 

Spacetime-dependent universal Kahler perturbation 

These points are illustrated in the case of the universal Kahler deformation, where 
the equations simplify somewhat. Specifically, begin with the metric variation 

Sgmn = -9mn ■ (A. 56) 

Then the warp-factor equation (|A.52| ) has solution 

5e-^^ = 2e-*^ + k (A.57) 
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for any constant k. The constant is fixed by (|A.53 ), wliich implies 



One can then easily see that equations ( |A.35|) and ( |A.44|) are satisfied with S = B = Q. 
Then ( p06| ) gives 



This equation fixes the non-zero compensator K. 
Spacetime-independent finite universal Kahler deformation 

One can easily check that these deformations integrate to a finite form 

ds^ = A(c) [c + e-^^o] "^^^ rj^^dx^dx'' + [l + e-^^Vc] g^^^dy'^dy'' , (A.60) 

in terms of finite modulus parameter c, where is a fixed background Calabi-Yau metric, 
and e~^'^° is a solution of (|2.17| ) in that metric. The quantity A(c) in this equation is 
precisely that defined in eqn. ( |3.31| ), which was used to convert to Einstein frame. 

Note that c — oo is the infinite volume limit of the compact space, and in this limit 
the metric ( |A.60|) becomes 



^ ^^^4 + c'^'g'mndy'^dy^ . (A.61) 
Thus, in this limit, the Kahler modulus c and volume of the compact space are related as 

V c^/^V^ . (A.62) 

Traceless metric perturbations 

The remaining zero modes are the solutions of eq. ( |A.54] ) that are not proportional to 



the metric. In terms of the background derivatives, this equation takes the form 

(A.63) 

where C denotes the Lichnerowicz laplacian. This is conveniently analyzed in the gauge 

V^'Sigmn - l^mSig = . (A.64) 
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For Ricci flat Qmn, one can readily show that this gauge choice is equivalent to transverse 
gauge, ( |A.9|) , and consequently 

^mSig = . (A.65) 

Thus, in transverse gauge, the complex structure and non-universal Kahler deformations 
can be taken to be traceless. 

As argued above, a = e^"^. Then the warp factor equation ( |A.52|) determines 



5/6-4^ = 7,(1/) + A;, , (A.66) 

where /c is a constant and 7 is written in terms of the Green function G{y, y') for the scalar 
laplacian (defined as in ( |8.11| )), 

7/(y) = I cfy'^gG{y,y')drgmry'^V^e-^^ . (A.67) 

Eq. ( |A.53D then gives /c/, 

^ ' ■ 

The five-form equation (|A.35| ) then becomes 

d [e-^^~* {dSi + Bida)] = -5i {ide'^^) . (A.69) 



Moreover, in the transverse gauge ( |A.9| ) the (m^) Einstein equation (|A.44| ) can be written 
in the similar form 

d [e^^UBi] = -e^^5i [Ue'^^) + e'^^da A USi . (A.70) 

This is a coupled set of equations that must be solved for Bi and Si. 

As an alternate to transverse gauge ( |A.9| ), we may work in Bj = Kj = gauge. In 



this case the corresponding equations become 

d [e-4^S (dSi)] = -61 (A.71) 

and 

^^SiQpm - VmSig = -e^^S {5i (Srfe-^^) } + e'^^i {da A idSi} . (A.72) 

To summarize, if we specify a traceless deformation of the metric, Sigmn, the 
spacetime-dependent perturbation is given by the metric ( |A.3| ) and five- form ( [A.27| ), with 
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SjA given by (|A.68| ), a = e*"^, and the compensators Kj, Bj, and Sj given by solving 
the equations (|A.69| ), ( |A.7C1| ), and ( |A.46|) . We have not yet found a general prescription 



to solve these compensator equations. However, we can get a feel for properties of the 
compensators by solving these equations in a special case. 
Compensator estimates 

While we haven't solved the compensator equations in general, they can be solved in 
the toy model of the metric of a stack of D3 branes restricted to finite volume by placing 
these at the center of a ball of unit radius in the background fiducial metric. This is a good 
local model for the geometry in the vicinity of an AdS throat. This case will in particular 
illustrate the dependence of the compensators on the universal Kahler parameter c, which 
is important in the next section where we investigate massive perturbations. 

Specifically, let Qmn be the fiat metric on the unit-radius ball in six dimensions, and 
suppose that there are N D3 branes located at the center of the ball. In this case the warp 
factor is given by 

= (A.73) 

Next consider traceless perturbations in the metric; for illustration, single out the x and y 
directions on the ball and consider a perturbation Sg^y, which we take to be a constant for 
simplicity. We use spherical polar coordinates r, 6*^, (j), with i = 1, ■ ■ ■ , 4, and < 9i < n, 
< (p < 27r, such that the xy plane is parameterized by r, (p, and the metric is 

ds'^ = dr^ + [del + sin^ Oiidel + sin^ e2{- ■■ + sin^ 04(1(1)'^)] . (A.74) 



In order to solve the compensator equations (|A.69|) and (|A.70| ), we first compute the 
source term 5{*de~'^^). The variation in e~^^ can be easily obtained from ( [A.73| ) by 
computing the change in the radial distance 

e -4A e~ • , , IGlvNa''^ TT . 2 /> / a 

oe = —ogxySUKp cos (p I Ism tii . (A.75J 

i 

Combining this with the variation in the hodge dual one obtains 
and 

Wde-^^)] = -5^,,487riV«'2 An(5) sin(2</>) J] sm' 0, (A.77) 
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where AQ^ denotes the volume element on the five sphere. Note that this is independent 
of (p in our coordinate system. 

For the present case, one can argue using symmetries that the only non-vanishing 
component of B and S must be in the rep direction and their dependence on 9i must be 
trivial. Using such an ansatz (|A.69| ) yields 



-d^{An^e-'^'^r^[{dS)^r + B^dra]) = An^Sg^ySm{24>)48TTNa''^Ylsm^9i , (A.78) 

i 

while ( FfO|) yields 

-d^{An^r^{dB)^r) = An^Sg^y sm{2(j))487iNa''^ JJ sin^ 6, , (A.79) 

i 

-dr{An^e+^^r^{dB)^r) = -Afl^e-'^'^drar^[dS]^r (A.80) 
The compensator solutions are then 

dS^r = Q^Qxy cos(2(/)) '^^"^'^3 J]^ siu'^ 9i (A. 81) 

i 

B^ = (A.82) 

and 

Br = 35g^ysin{2(j)) ^^^"^ JJ sin^ Oi . ( A.83) 

i 

Note that the compensators are singular at r = 0. But these singularities do not appear 
in the equations of motion as the compensators are multiplied by a powers of e^"^ in the 
equations of motion, making their contribution finite. 

A. 7. Perturbations with G3 

We next consider warped compactifications with non- vanishing three-form flux, which 
generically gives a mass to the complex moduli[jl|. The potential that does this is believed 
to arise from the Gukov-Vafa-Witten superpotential, although this has not been rigorously 
derived. Study of the linearized perturbation spectrum thus gives further information on 
the problem of deriving the effective potential both due to these fluxes and due to other 
effects. 

Once the deformations receive a flnite mass, their form becomes even more compli- 
cated. For this reason, for such massive deformations we can presently only give the 
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solutions in a perturbative expansion. The parameter governing this expansion is 1/c, 
where c is the finite parameter governing a universal Kahler deformation, introduced in 
( p.l8|) . Recall from ( p.24|) that c ~ where R is the characteristic radius of the compact 
space. In the limit c ^ oo, the effects of warping vanish. Thus including warping involves 
keeping subleading powers in the 1/c expansion. The a' expansion is also an expansion in 
1/c, but we justify keeping leading terms from warping since they enter in the form N/ c 
where is a typical D3 charge, which can be large. 

Note that, of course, the size of c governs the validity of the four-dimensional effective 
theory. For four-dimensional energies E>l/c^/a' in the Einstein frame (|A.60|) Kaluza- 



Klein modes become important!. So our perturbative expansion amounts to taking c ^ 1 
but finite and studying the physics at four dimensional Einstein energies 

E < l/cVc7, (A.84) 

As we will show, the fiux-induced masses are of order N/c^^'^^/a' , so there is a sensible low 
energy approximation where typical Kaluza-Klein effects are negligible but flux-induced 
masses are not. Moreover, for certain physical quantities, the non-trivial warping can be 
an important effect. 

However, we will flnd a subtlety in this analysis. Specifically, if the manifold has 
significant warped regions, then Kaluza-Klein modes concentrated in these regions will 
have redshifted four-dimensional masses, as pointed out in 0. Consider specifically the 
solutions of . These have a bulk region where the warp factor is approximately a constant, 
attached to an approximately AdS throat, which is then terminated in a smooth geometry 
at finite warp factor. 

Indeed, in the immediate vicinity of the throat, the warp factor is approximately of 
the form ( |A.73|) . Thus the bulk, mouth, and throat regions corresponds to 



4 4nN ,2 1 ,1 
> a'^ bulk 

c 

4 47rAr ,2 

r ~ a 

c 



mouth (A.85) 



inNa'^e^^^ < < ^^a''^ throat 



^ The conventional treatment of Kaluza-Klein modes is done in the string frame and the 
associated energy scale is conversion to the Einstein frame gives an additional factor of 
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where as argued in [jT|, the bottom of the throat is determined in terms of flux quanta 
K,M as 

ett ~ e-8-^/3^«« . (A.86) 

The role of these different regions in studying perturbations will become clear in what 
follows. 

Massive perturbations 

For this section we work in 4d units where the background metric takes the form 

ds^ = [e-^^o + c]-^r]f,^dx^dx'' + [e"^^" + c]^mndy'^dy'' . (A.87) 

Recall that this differs from the 4d Einstein frame metric of ( [A .601 ) by the change of 4d 
units ( |3.31| ) which has to be performed on our estimates to obtained the canonical 4-d 
masses. We also set a' = 1 for the rest of this appendix. 

In this set up, compactifications of different volume are obtained by changing c and 
gmn is taken to be a CY of unit volume. We shall describe the massive perturbations in 
the presence of flux in terms of eigenfunctions the Lichnerowicz operator C on this CY, 
defined in eq. ( [A.63| ), 

'CSgmn = X'^Sgmn ■ (A. 88) 

The spectrum starts from A = 0, corresponding to the zero modes, and is followed by eigen- 
values with spacing of the order of unity corresponding to the KK modes. We emphasize 
the fact that these eigenvalues do not depend on c. 

As discussed earlier, the fluctuation of the internal Calabi-Yau, corresponding to a 
on-shell solution is determined by the Einstein equations (|A.44|) - (|A.48|) . We shall see that 



in order to satisfy the equations in the presence of flux, is not consistent to excite just the 
zero modes: the Kaluza-Klein modes also have to be excited. 

Specifically, consider the (mn) Einstein equation ( [A.48| ). The universal Kahler defor- 
mation remains massless in the presence of flux[jl|, so focus on traceless deformations of 
the metric. Ignoring contributions from motion of localized sources (which can be treated 
separately), the variation in the source term on the RHS of the (mn) Einstein equation 
follows from ( [O^ ): 



r g4A / ^ pq ^ pq 



Imr \ "'^P1 ^ ^npq^rn 
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(A.89) 



This expression vanishes for variations that leave the flux imaginary self-dual or anti-self- 
dual, and we will further discuss this zero mode space shortly. But the 1(A) SD conditions 
generically fix the complex structure moduli, and so small oscillations of them will be 
massive. For a small variation about the I(A)SD point, we find 



(3) ^ 4A \ ^ f —PI — PQ I _ —\ 



(A.90) 



to be a non- vanishing source for the Einstein equation ( |A.48| ). 



As in the massless case, the compensators S/, Kj, and Sj are fixed by other equations 
of motion, and ( |A.48| ) can be thought of as an equation for dgmn- The perturbation has 
a piece proportional to the massless solution with G3 = 0, but also in general can have a 
Kaluza-Klein contribution. Specifically, for a zero mode, the first line of ( |A.48D vanishes. 



but without (|A.9C1| ) obeying special conditions we are then not guaranteed that the LHS 
of (|A.48|) has the correct structure to match this source. Indeed, we see that it cannot in 



general match, since the functional dependence from powers of e^^ is different. Thus in 
general the first line should not vanish, implying that Kaluza-Klein modes are excited. 

We therefore decompose the perturbation into a zero-mode piece and a Kaluza-Klein 
piece, 

Sgmn = 5^9mu + S^^9mn , (A. 91) 

and likewise for the other fields A, a and compensators, where the 5^ pieces are solutions 
of the G3 = equations of the preceding subsection. 

Let us now consider the large c behavior of the various terms in ( |A.48|) . If the total 



three-brane charge carried by the flux is ~ MK (where M and K are individual flux 
quanta as defined in (|3.33|) ), the source term of (|A.90|) behaves as 



This must balance the terms on the LHS of ( |A.48|) . The compensators can be estimated 
from the results of the previous section. The relevant quantities are all of the same mag- 
nitude: 

S ~ e^^B ~ e^^K ~ . (A.93) 

Their dominant behavior is at the mouth, and so we find 



S , e*^S , e*^K , — ^ < r^outh ~ ( ^ ) • (A.94) 
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The compensator contributions are thus suppressed at large c. 

The magnitude of the Kaluza-Klein excitations can then be read off from ( [A.48| ) as 
they are needed to compensate for the other terms in the equation. For a perturbation 
with four-dimensional momentum p, these source terms take the form 

SGmrr ~ "C"^ V (^"^mn + compeusators) + 5Tif2 . (A.95) 

If warping is only moderate, we therefore see that the source and hence the Kaluza-Klein 
perturbations are of order 

8''''~gmn--cp^ + o(^^ . (A.96) 

These are small if the momentum and fiux-induced mass are much less than the usual 
Kaluza-Klein mass. But for large warping, the first term in (|A.95| ) can become large; 
one way to understand this is that the Kaluza-Klein masses can have large redshifts, as 
emphasized for example in . Thus the condition for the Kaluza-Klein perturbation to be 
small becomes more stringent. Note that SA and da can also acquire Kaluza-Klein parts 
of comparable magnitudes. 

We can now read off the leading order flux-induced mass matrix and the magnitude 
of corrections to it. We do this by multiplying ( [A.48| ) by Sjgmn and integrating over the 
internal manifold. The KK modes are orthogonal to the zero mode under the resulting 
metric. The compensator contributions and KK contributions are subleading to the leading 
answer, which is 



(A.97) 



4 

Speciflcally, one can see from the above compensator estimates that the integrated compen- 
sator corrections from ( |A.48|) are of relative order N/ c. This is also true for the corrections 
from Kaluza-Klein modes in the case of moderate warping. However, in the case of large 
warping, there can be larger and even divergent corrections. For example, these can arise 
from the term 

Ou' J d^y^ge-^^Syg^^Sf^-g^r. ■ (A.98) 

For a warp factor of the form ( A. 73 ), eq. ( A. 95 ) implies a divergent source for the Kaluza- 
Klein part of the perturbation. Correspondingly, we can estimate divergent behavior 



> gmn ^ - 

r 
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^ . (A.99) 



This leads corrections of fractional size 



Inr^.n (A. 100) 



for the contribution (|A.98| ), where Vmin is a cutoff value of r corresponding to the bottom 



of the throat. If the throat is infinite, as in [^2[: this correction is truly divergent. For the 



solutions of [m, the minimum is at a small r determined by (|A.86 ). Correspondingly, we 
find a correction of relative order 

, A.lOl 

enhanced by K'^/qs- 

Eq. ( |A.97D , then, gives us the flux-induced mass matrix. The warp factor in these 
expressions takes the form exhibited in (|A.87|) , and thus to leading order simply gives a 



power of c. Subleading corrections from the warp factor in (|A.97| ) are unfortunately also 
of order N/ c, and thus cannot be distinguished without knowing the KK and compensator 
contributions. The flux-induced masses have magnitude 

ml^o ~ ^ (A.102) 

in the units of eq. ( |A.87|) . Working in four- dimensional Einstein units, we thus find that 
the masses have magnitude 



G ~ ^ • (A.103) 



N 
c 

The Kaluza-Klein modes of the axidilaton r are also excited, as seen from eqn. ( |A.41| ) . 
We can project out the zero mode by multiplying that equation by e~'^^ and integrating, 
with the result 

I d^y^e-^^Srrna' = -'-u' J d^y^Sj (e^^G+.G") (A.104) 

giving the r block of the mass matrix. Note that to leading order in the Kaluza-Klein 
expansion, 5it is simply a constant. 
Kahler, super, and scalar potentials 

In order to investigate the structure of the landscape of string vacua, it would be useful 
to have a derivation of the four-dimensional effective action describing these fluctuations. 
In principle one might have expected the effective action describing the fluctuations {x) 
to be obtained by evaluating the quadratic action Sub for a fleld conflguration where the 
flelds {x) take on off-shell values, i.e. \Iki{x) ^ m^w(x), while all other flelds are restricted 
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to their on-shell values. As we discussed in the previous section, on-sheU solutions involve 
compensators and Kaluza-Klein modes, which would therefore contribute to the effective 
action. 

Unfortunately there is a subtlety in carrying this procedure out in the case of type 
IIB, due to the difficulty of providing an off-shell action formulation for the self-dual five 
form. Since contributions from the five-form's dynamics are important, this appears to be 
an obstacle to evaluating the kinetic term in the effective action. 

A heuristic prescription was given in , and it may ultimately be possible to generalize 
and justify this. A more systematic procedure was given in |^ , and used in to obtain 
the effective action for a certain class of fluctuations about the AdS^ x 5*5 background. 
This procedure is well suited when the explicit form of the solutions is known as in case 
of AdS^ X 5*5 but it is not clear how to apply it for the present case. We therefore do not 
evaluate the effective action explicitly but discuss certain features that are apparent form 
the structure the equations of motion. 

As emphasized above, effects of warping in ( A.97|) enter at the same N/c order as 
other neglected terms, and so can't be checked directly here. An effective action neglecting 
effects of warping was given in [Q, and a proposal for modifications due to warping was 
given in Specifically, the superpotential there was the unmodified Gukov-Vafa-Witten 
potential (|3.35| ), and warping contributions to the Kahler potential were suggested to 
produce a kinetic action of the form (|4.19|) . These certainly agree with ( [A.97|) at leading 
order in N/c. Neglecting warping, the kinetic term in ( [A.97|) is the expected form, and 
the term proportional to u{x) is equal to 

~ mnp 

-y.S, I Av^^=;^ (A.105) 

which as in the appendix of can be shown equal to 

(A.106) 

J imr 

This is in keeping with the fact that the mass matrix should be equal to the second deriva- 
tive of the potential. It is tempting to also trust the powers of e~^"^ in these expressions, 
especially in light of the agreement between the expression (|5.32| ) and the potential derived 
in from the Kahler potential with warping corrections. 

Despite this, for the same reason we cannot directly check the warping dependence 
in the Kahler potential. Indeed, the first non-trivial correction due to warping in ( ^.19| ) 
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is also of order O (^) and is associated with the factor of e in the kinetic terms of 
( |A.97|) . Supersymmetry imposes strong constrains on the superpotential - and calculations 



of the gravitino mass in provide another check on it - so we expect that the subleading 
corrections to the scalar potential do indeed arise due to corrections in the Kahler potential. 
But to check corrections to the Kahler potential at this order, we need to check all C (f ) 
corrections. The corrections may take the form of explicit corrections to the potential 
K or corrections to the definition of holomorphic coordinates. It is likely that the latter 
corrections are present as the excitations involve a Kaluza-Klein part, and it is unlikely 
that the holomorphic coordinates are completely defined by the zero-mode directions. The 
fact that the holomorphic coordinates can depend on the warp factor was also seen in 
section 6.3 in case of Kahler moduli. 

In summary, we have learned that there are corrections to the Kahler potential of 
order O(^), but we are not yet able to directly calculate them. On the other hand, the 
superpotential appears uncorrected by warping. 
Moduli with ^ 

Non-zero three-form flux therefore provides a potential for the complex structure 
deformations. The remaining flat directions can be inferred from the equation for the 
minimum of the potential. As discussed in the main text there is a h^'^ dimensional 
moduli space which can be parameterized by the values of the Kahler moduli p*. 

A priori, zero mode deformations could arise as a general linear combination of the 
complex structure and Kahler deformations, together with a variation of the dilaton, 

{p\ z'^, t) ^ {p'\ z"", t') = {p' + 5p\ z'' + 5z'',T + 5t) . (A.107) 

Such a deformation will solve the (mn) Einstein equation ( |A.48|) if SjT^nn, given by ( |A.90|) , 
vanishes. For given flux quanta (|3.33|) , this is satisfled by deformations which leave the 
flux ISD. 

We are therefore seeking the deformation space such that Gs, which is closed (we 
here consider only constant r) remains ISD, (|2.15[) . Notice that such a closed ISD form is 



automatically harmonic. Since the hodge dual in the ISD condition ( p.l5|) changes under 
a change of Kahler structure, one might be concerned that the ISD condition is no longer 
satisfled for a pure Kahler deformation, ( |A.107| ) with 5^" = 6t = 0. 
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In order to show that pure Kahler deformations do leave the ISD condition un- 
changedji we begin by recaUing some properties of the basic harmonic forms on a Calabi- 
Yau manifold.li Given a complex structure, we can always find a holomorphic (3, 0) form O, 
whose construction is independent of a Kahler structure. Moreover, through the relation, 
due to Kodaira (see [|67|), 

^ = k^n + Xc., (A.108) 

where /Cq, depends on z°' but not on the coordinates of the manifold, one can likewise define 
closed (2, 1) forms Xa without making reference to a Kahler structure. The holomorphic 
form O is harmonic in any Kahler metric. The forms Xce are not necessarily harmonic, 
but the harmonic representatives of the cohomology classes they specify can be found by 
adding an exact piece. These harmonic forms, which we denote Xa^ depend on the 
choice of Kahler moduli, and we have 

x'o. = Xo.+d-fP (A. 109) 

for some dependent two- forms 7q,. Moreover, on a Kahler manifold, the forms Xa 
also (2,1). 

Now begin with a configuration such that Gs is ISD, and consider changing the Kahler 
moduli to p*'. In the new Kahler structure, Gs is no longer necessarily ISD nor harmonic. 
However, we can always find a harmonic form G'^ in the same cohomology class, 

G's = Gs+dA2. (A. 110) 

To prove that G3 is also ISD, note that Q, Xa form a basis for the harmonic ISD forms, 
and likewise their complex conjugates a basis for imaginary anti-selfdual forms. Thus, Gg 
will be ISD if 

'OAG'^ = , [xiAG'^ = 0. (A.lll) 



The first condition follows immediately from ( [A.llOp and integration by parts, together 
with the statements that G3 is ISD and O is closed. Moreover, from (|A.109|) we see that 

=xS + «'-7^)- (A.112) 



We thank G. Moore and D. Morrison for providing crucial elements of the following argument. 
^ These properties then translate into corresponding statements for an orientifold of the Calabi- 
Yau. 
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Thus 

Jxi^G's = I x^AGa (A.113) 

also likewise follows, and vanishes since G3 is ISD. So G3 is also ISD, demonstrating that 
changes of Kahler moduli with fixed complex structure and dilaton r correspond to the h^'^ 
flat directions. Note that this argument relies on the underlying manifold being Kahler, 
in order to argue that the are of the correct type. 



Appendix B. Relation to other work 

We have seen from our discussion that the derivation of the Kahler and scalar poten- 
tials given in [|l|] and [0, while giving the correct results to leading order, were somewhat 
heuristic. In addition to these there has been considerable other work in the literature 
devoted to studying such potentials, and time dependent warped solutions. The correct 
description of the dynamics of moduli has produced some confusion, and we believe our 
work has now clarified some of that confusion. 

In particular, [^|68[| raised objections to previous derivations of the potential ( |5.32|) . 
In [|2^, one objection was that the potential derived there was negative definite. However, 
the definition leading to the objection was the incorrect definition of the potential based 
on not (|5.8|) . As we have explained, the expression based on ( |5.11D only gives the 

correct answer in the case where one is at a minimum of the potential so the moduli are 
static. However, our more general expression (|5.8| ) is suitable away from a minimum, and 
gives a potential agreeing with that found from the derivation in [^. Ref. argued 
that the problem originated in time dependence of the radial modulus away from the 
minimum, and argued that in the case of non-trivial warping there is no clear derivation of 
the potential due to the excitation of all Kaluza-Klein modes. While we have found that 
Kaluza-Klein modes are excited by general spacetime-dependent perturbations, we have 
also found that they are small in a controlled approximation, and thus make only small 
corrections to an otherwise unambiguous potential in the low-energy effective theory. Our 



results do agree with the claim of ||2y,^ that in a generic gauge actual solutions of the 
equations of motion are not of the form of the "factorized Ansatz." 

Other works have investigated time-dependence of warped configurations. For exam- 
ple, considered D3 — D7 infiation models, and attempted to construct solutions lifted 
up to ten dimensions. They recognized that their metric Ansatz 

ds^ = e^^y'^^r^^^clx'^dx" + e^'^y^'^ g^r.Wy'^dy^ , (B.l) 
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was potentially over-restrictive. While it captures some of the ten-dimensional dynamics 
of such configurations, our analysis of the general linearized perturbation shows that the 
metric for a ten-dimensional warped cosmology cannot in general be put in this form. 

Finally, [|7^ investigates the problem of deriving the four-dimensional effective action 
from ten dimensions. While expressions similar to our potential formula (|5.30|) are found, 
the formalism of this paper is only applicable to deriving the potential at a stationary 
point and does not yield a solution of the ten-dimensional equations for rolling moduli. 
Thus the only known example where these results can be compared gives the value U = 0. 
Moreover, this derivation is based on an incorrect parametrization of the universal Kahler 
modulus, corresponding to ( p.l7|) . 
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